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1. Introduction
*+, -+./01/ 12345266037 4+, 034503/01 /,0/8 01 944,3:94023

2; /,<08 ,3495. 521= 4+52:7+2:4 4+, /,0/8 01 >93< 2; ;5,?:,3@
10,/ A/9. B 42

104 CDE 0/ /4066 324 ,3405,6. :3<,5/422< F G3 -95@
401: 695 H /,0/8 01 <949 ;528 /,<08 ,3495. 5,7023/ 2;4,3 ,I+0> 04/
8 25, 034503/01 944,3:94023 4+93 193 >, ,I-6903,< :/037 ,I@
0/4037 4+,25,40196 8 2<,6/ F *+, -50310-96 7296 2; 4+ 0/ -9-,5
0/ 42 -52J0<, 82<,6/ 4+94 193 +,6- ,I-6903 4+, 6,J,6/ 2; 62//
<,4,58 03,< ;528 /,0/8 27598 / F

G34503/01 62// 0/ 2;4,3 ?:9340K,< :/037 4+, 03J,5/, ?:9604.
;91425

Q−1 L+01+ 5,-5,/,34/ 4+, ;5914023 2; L9J, ,3,57. 62/4
42 +,94 03 ,91+ L9J, -,502< F M25 /,0/8 01@4593/8 0//023 ,I-,5@
08 ,34/ A,954+?:9=, 5,125<037/ H N OPH 152//@L,66 4282759-+.H
/23 01 627/E H 4+, 42496 944,3:94023 03;,55,< ;528 4+, /,0/8 2@
7598 / 193 >, <,128-2/,< 9/

Q−1
total = Q−1

scat + Q−1 H L+,5,
>24+ 4+, /1944,5037 93< 034503/01 123450>:4023/ 95, 3,1,//95@
06. -2/040J, F Q:640- 6, /1944,5037 4593/;,5/ ,3,57. ;528 4+,
12+,5,34 K5/4@9550J96 -:6/, 0342 4+, 12<9 93< 0342 <05,14023/
4+94 L 066 324 > , 5,125<,< 23 4+, /,0/8 27598 H 93< 0/ 4+:/
5,/-23/0>6, ;25 4+, ,R,140J, S/1944,5037 944,3:94023T

Q−1
scat

F
*,1+30?:,/ +9J, >,,3 <,J,62- ,< 4+94 944,8-4 42 /,-9594,
4+, 034503/01 62// ;528 4+, /1944,5037 62// 03 4593/8 0//023
,I-,508 ,34/ U, F7 FH VW XYZ [\]H B^__ H 93< `Xab XYZ cde fdgHB^^_h F G3 /,0/8 01@5,i,14023 ,I-,508 ,34/ H >91=@/1944,5,< ,3@
,57. ;528 4+, 593<28 +,4,527,3,04. 193 /28 ,408 ,/ 914 42
,3+931, 4+, 98-604:<, 2; 4+, -508 95. 5,i,14023/ F j4 4+,
-5,/,34 408 , H 4,1+30?:,/ 4+94 193 5,609>6. /,-9594, 4+, 42@
496 03;,55,< 62// 0342 /1944,5037 93< 034503/01 -254023/ 95,
7,3,5966. 324 9J9069> 6, F

k52//L,66 ,I- ,508 ,34/ 03 +250D234966.@/45940K,< /,<08 ,34/
-52<:1, 3,7607 0> 6, 982:34/ 2; /1944,5037 62// /2 4+94 ,//,3@
40966. 966 9--95,34 62// A,I1,-4 ;25 ,9/06. 1255,14,< /-+,50196
/-5,9<037E 0/ 94450>:49>6, 42 034503/01 944,3:94023 F lWXY

mnop mopnnqrrsr tuvrwxywpnnqz m

XYZ { Xgg]| UB^^}h :/, 4282759-+. 42 03J,54 4+, 98-604:<,/
2; 152//L,66 P@L9J, K5/4 9550J96/ 42 2>4903 4+,

Q−1 ;25 4+,
69.,5/ 2; 9 /45940K,< /,?:,31, 2; /+96. /93</423,/ 93< 608 ,@
/423,/ A<,-4+/ 5937037 ;528 ~���^�� 8 EF *+, 1,34,5 ;5,@
?:,31. 2; 4+,05 8 ,9/:5,8 ,34/ 0/ 52:7+6.

1750 CD 93< 4+,.
K3< 4+94

10−2 < Q−1 < 10−1 ;25 966 4+, 69.,5/ 03 4+, /,@
?:,31, F `X�| da Xf� UB^^}h 96/2 8 ,9/:5, 4+, 034503/01 62//
03 9 /45940K,< /,?:,31, 2; L94,5@/94:594,< /93</423,/ H /064@
/423,/ 93< 608 ,/423,/ A<,-4+/ 5937037 ;528 ~���~� 8 E :/037NOP A��� �_� CDE H 152//L,66 A�������� CDE H /2301 627/ A_�
�� =CDE H 93< :6459/2301 69>259425. A~���^�� =CDE 8 ,9/:5,@
8 ,34/ F `X� | da Xf� UB^^}h 1961:694, AL 04+ /28 , 03,J049>6,
:31,549034. E 4+94 03 4+, NOP ,I-,508 ,34/ H

Q−1/Q−1
scat ≈ 4

H
L+06, 03 4+, /2301 ,I-,508 ,34/ H

Q−1/Q−1
scat ≈ 19 � 0 F, FH ;25

4+0/ /,?:,31, 2; /,<08 ,34/ H 4+, 034503/01 62// <28 0394,/ 4+,
/1944,5037 62// 94 966 ;5,?:,310,/ F `X�| da Xf� UB^^}h 96/2 K3<
10−2 < Q−1 < 10−1 9152// 4+, /,0/8 01 >93< F

G4 L 066 > , <,823/4594,< +,5, 4+94 L9J,@03<:1,< i:0< i2L7,3,594,/ ,32:7+ +,94 42 ,I-6903 4+,/, 8 ,9/:5,< 6,J,6/ 2;
034503/01 944,3:94023 F �4+,5 944,3:94023 8 ,1+930/8 / 3,,<
324 > , 123/0<,5,< H 964+2:7+ 4+,. 8 9. 03 ;914 > , -5,/,34 H
/031, 4+,. 95, 60=,6. 123450>:4037 8:1+ /8 966,5 - ,51,3497,/
42 4+, 2J,5966 2>/,5J,< 944,3:94023 F *+, 03<:1,< i2L 211:5/
94 8 93. <0R,5,34 /-94096 /196,/ 4+94 193 >529<6. >, 194,72@
50D,< 9/ S8 9152/12-01T H S8 ,/2/12-01T H 93< S8 0152/12-01 FT

*+, 8 9152/12-01 i2L 0/ 4+, L9J,6,374+@/196, ,?:060>59@
4023 211:55037 >,4L,,3 4+, -,9=/ 93< 452:7+/ 2; 9 P@L9J, F
*+0/ 8 ,1+930/8 L9/ K5/4 45,94,< >. � ]ba UB^~�9 H >h 93< 0/
2;4,3 /08-6. 1966,< S� 024 62// FT C 2L,J,5 H 4+, i2L 94 /:1+
8 9152@/196,/ <59/401966. :3<,5,/408 94,/ 4+, 8 ,9/:5,< 62// 03
4+, /,0/8 01 >93< A>. 9/ 8:1+ 9/ ~ 25<,5/ 2; 8 97304:<,E F *L2
-2//0>6, 964,53940J,/ 42 � 024 62// L,5, 4+,5,;25, -52-2/,< 03
4+, 8 0<@/,J,340,/ F

M 05/4 H � X�\b XYZ � Wg UB^}~ H B^}^h H �WZ]XY|\� XYZ� ��bYYdf f UB^}�h H 93< � ��bYYdf f XYZ �WZ]XY|\� UB^}}h -52@
-2/,< 9 8 0152/12-01 8 ,1+930/8 <:, 42 8 01521591=/ 03 4+,
75903/ 93<�25 >52=,3 75903 1234914/ F � +,3 9 /,0/8 01 L9J,
/?:,,D,/ 9 521= +9J037 /:1+ 75903@/196, <98 97, H 4+, 1591=/

1



X - 2 PRIDE ET AL.: WAVE-INDUCED FLOW LOSSES

5,/-23< L 04+ 9 75,94,5 i:0< -5,//:5, 4+93 4+, 8 903 -25,/@
-91, 5,/: 64037 03 9 i2L ;528 1591= 42 -25, 4+94 � X�\b
XYZ � Wg UB^}~h 398 ,< S/?:054 i2L T F � �bg\ ]Y da Xf� UB^^~h
+9J, 96/2 -5,/,34,< 9 /?:054@i2L 82<,6 9--6019>6, 42 60?: 0<@
/94:594,< 521=/ F j 64+2:7+ /?:054 i2L /,,8 / 19-9>6, 2; ,I@
- 6903 037 8:1+ 2; 4+, 8 ,9/:5,< 944,3:94023 03 4+, 69>259@
425. 94 :6459/2301 ;5,?:,310,/ 93< 8 9. 96/2 4:53 2:4 42 > ,
08-254934 ;25 -52-9794023 03 21,93 /,<08 ,34/ 94 : 6459/23 01
;5,?:,310,/ U V]f f]X� | da Xf�H ����h H L, /+2L +,5, 4+94 4+ 0/
8 ,1+930/8 193324 ,I-6903 4+, 944,3:94023 03 4+, /,0/8 01
>93< F

O,123< H Ve]ad UB^}~h 93< Ve]ad da Xf� UB^}~h 8 2<,6,< 4+,
L9J,@03<:1,< i2L 15,94,< >. 8,/2/12-01@/196, +,4,527,3,@
04.F Q,/2/12-01 6,374+ /196,/ 95, 4+2/, 6957,5 4+93 75903 /0D,/>:4 /8 966,5 4+93 L9J,6,374+/ F C ,4,527,3,04. 9152// 4+,/,
/196,/ 8 9. >, <:, 42 604+26270196 J95094023/ 25 42 -941+,/
2; <0R,5,34 088 0/10> 6, i:0</ F � +,3 9 128-5,//02396 L9J,
/?:,,D,/ 9 8 94,5096 1234903 037 8 ,/2/12-01 +,4,527,3,04.H 4+,
,R,14 0/ /08 0695 42 /?:054 L 04+ 4+, 825, 128-60934 -254023/
2; 4+, 8 94,5096 5,/-23<037 L 04+ 9 75,94,5 i:0< -5,//:5, 4+93
4+, /40R,5 -254023/ F *+,5, 0/ 9 /:>/,?:,34 i2L 2; i:0< 19@
-9>6, 2; 7,3,594037 /0730K1934 62// 03 4+, /,0/8 01 >93< F

Ve]ad UB^}~h 123/0<,5,< 4+, i2L 03 9 1231,34501 -252:/@
/-+,5, 82<,6 03 L+01+ 4+, 033,5 /-+,5, 0/ /94:594,< >. 23,
i:0< 4.-, A/9. 79/E H 4+, 2:4,5 /+,66 0/ /94:594,< >. 9324+,5
i:0< 4.-, A/9. 60?: 0< E H 93< 4+, -252:/ ;598 , -52-,540,/ 95,
,J,5.L+,5, :30;258 F *+0/ 0/ 4+, K5/4 /2@1966,< S-941+. /94:@
594023T 8 2<,6 F � +04, +9< 4+, 03/07+4 42 :/, 4+, � ]ba UB^~�h
4+,25. 9/ 4+, 62196 8 2<,6 ;25 4+, 8 ,/2/12-01 i2L >,4L,,3
4+, /-+,5,/ F � WaaX XYZ �Z� UB^}^9 H>h 93< � WaaX XYZ `dg]�UB^}^h L,34 23 42 8 9=, /,J,596 08-254934 1255,14023/ 42 4+,
0304096 Ve]ad UB^}~h 8 2<,6 H 9<<037 42 2:5 :3<,5/493<037 2;
4+, 62L @;5,?:,31. 93< +07+@;5,?:,31. 608 04/ F Ve]ad�/ UB^}~h
-5,<014023 2; ,3+931,< 944,3:94023 03 4+, -5,/,31, 2; ,J,3
/8 966 J26:8 , ;5914023/ 2; 79/ -+9/, +9/ > ,,3 ,I-,508 ,3496.
123K58 ,< U, F7 FH � Wg� e�H B^_� H B^_� � �XZbgda da Xf�H B^^_h FVe]ad da Xf� UB^}~h 123/0<,5,< 4+, L9J,@03<:1,< i2L >,@
4L,,3 4+, 8 ,/2/12-01@/196, 69.,5/ 03 9 /,<08 ,3495. >9/03 F
C ,5, 4+, 8 ,/2/12-01 +,4,527,3,04. 0/ 03 4+, ;598 , -52-,5@
40,/ 2; 4+, -252:/ 521=/ L 04+ 9 /0376, i:0< /94:594037 966 69.@
,5/ F j7903 H �024 4+,25. L9/ :/,< 9/ 4+, 62196 8 2<,6 ;25 4+,
8 ,/2/12-01 i2L F j +2/4 2; 4+,25,40196 5,K3,8 ,34/ +9J, /:>@
/,?:,346. > ,,3 9<<,< 42 � +04, �/ 03 04096 8 2<,6 2; 8 ,/2/12-01
i2L 03 K3,6.@69.,5,< 8 ,<09 U, F7 FH � bgg]|H B^^� � �Wgd�]�e XYZ�b�XaY]\ b�H B^^~ � �df]Y|\� XYZ `eX� ]gbH B^^}h F

Q25, 5,1,34 L25= >. �beY|bY U��� Bh +9/ 45,94,< L9J,@
03<:1,< 8 ,/2/12-01 i2L <:, 42 -941+. /94:594023 L 04+2:4
-691037 5,/45014023/ 23 4+, -941+ 7,28 ,450,/ F *+, -5,/,34
/4:<. 96/2 /,,=/ 42 82<,6 4+, L9J,@03<:1,< i2L ;25 95> 04595.
8 ,/2/12-01 7,28 ,45. <:, ,04+,5 42 604+26270196 J95094023/ 25
42 -941+. /94:594023 H 96> ,04 :3<,5 4+, 5,/45014023 4+94 236.
4L2 -252:/ -+9/,/ 95, 8 0I,< 427,4+,5 03 ,91+ 9J,597037 J26@
:8 , F M:54+,5825, H 2:5 /98 , ;258 960/8 0/ /+2L3 42 -52<:1,
3,L ,I914 5,/:64/ 94 >24+ 62L 93< +07+ ;5,?:,310,/ ;25 4+,
� �bg\ ]Y da Xf� UB^^~h /?:054@i2L 82<,6 F

G3 /,14023 � H L, 5,J0,L 4+, 5,1,34 4+,25. 2; 	 g]Zd XYZ� dgg�� XY U����9 H>h 45,94037 4+, 8 ,/2/12-01 62// 15,94,< >.
604+26270196 -941+,/ +9J037 H ;25 ,I98-6, H <0R,5,34 <,75,,/ 2;
123/260<94023 F *+0/ /2@1966,< S<2:>6,@-252/04.T 8 2<,6 -52@
J 0<,/ 4+, 4+,25,40196 ;598 ,L25= 4+94 L 066 > , :/,< 4+52:7+@
2:4 F G3 /,14023 � H L, 5,@9396.D, 4+, -941+.@/94:594023 82<,6
2; �beY|bY U��� Bh 93< <,823/4594, 3:8,501966. 4+94 2:5
<2:>6,@-252/04. 9--5291+ 42 4+, -52>6,8 0/ 9/.8-42401966.
0<,340196 42 
2+3/23 �/ 5,/: 64 03 4+, 608 04/ 2; 62L 93< +07+
;5,?:,310,/ A>24+ 9396./,/ 95, ,I914 ;25 4+, 82<,6 03 4+,/,
4L2 608 04/ H >:4 8 9. <0R,5 /28 ,L+94 94 034,58 ,<094, ;5,?:,3@
10,/E F G3 /,14023 � H L, -52J0<, 9 3,L 9396./0/ 2; 4+, � �bg\ ]Y
da Xf� UB^^~h /?:054@i2L 82<,6 4+94 0/ 3:8 ,501966. 128-95,<
42 4+, 9--52I 08 94, 9396./0/ 2; � �bg\ ]Y da Xf� UB^^~h F M 0@
3966.H 03 4+, 12316:<037 /,14023 ~ H L, /:88950D, L+94 +9/
> ,,3 6,953,< ;528 4+,/, 82<,6/ F

2. Review of the Double-Porosity Theory
G3 4+0/ 4+,25.H 4+, 8 ,/2/12-01 +,4,527,3,04. 0/ 8 2<,6,< 9/

9 8 0I4:5, 2; 4L2 -252:/ -+9/,/ /94:594,< >. 9 /0376, i:0< F
N9502:/ /1,39502/ 193 >, ,3J0/023,< ;25 +2L 4L2 -252:/

-+9/,/ 8 07+4 128 , 42 5,/0<, L 04+ 03 9 /0376, 7,26270196 /98 @
-6, F M25 ,I98-6, H ,J,3 L 04+03 93 9--95,346. :30;258 /93<@
/423, ;258 94023 H 4+,5, 193 5,8 903 9 /8 966 J26:8 , ;5914023
2; 6,//@123/260<94,< A,J,3 323@1,8 ,34,<E /93< 75903/ F *+0/
0/ > ,19:/, <097,3,/0/ 0/ 9 4593/-254 -521,// /,3/040J, 42 ,J,3
/:>46, +,4,527,3,04. 03 4+, 0304096 75903 -91= 5,/:64037 03
/-940966. J9509> 6, 8 03,596 <,-2/04023 U, F7 FH �e b�� |bY da Xf�HB^_}h 93< H /:--2/,<6.H /-940966. J9509> 6, ,69/401 8 2<:60 F j 6@
4,53940J,6.H 4+, 4L2 -+9/,/ 8 07+4 1255,/-23< 42 034,5L2@
J,3 6,3/,/ 2; <,450496 /93</ 93< 169./ � +2L,J,5 H 93. 9//210@
94,< 930/2452-. 03 4+, <,J0942501 /,0/8 01 5,/-23/, L 066 324
> , 82<,6,< 03 4+, -5,/,34 -9-,5 F 
2034,< 521= 0/ 96/2 L,66
8 2<,6,< 9/ 9 <2:>6,@-252/04. 8 94,5096 F *+, �2034/ 25 8 9152@
/12-01 ;5914:5,/ 95, 4.-01966. 825, 128-5,//0>6, 93< +9J, 9
+07+,5 034503/01 - ,58 ,9>0604. 4+93 4+, >91=752:3< +2/4 521=
4+,. 5,/0<, L 04+ 03 F

2.1. Local Governing Equations

91+ -252:/ -+9/, 0/ 62 1966. 82<,6,< 9/ 9 -252:/ 123403@

::8 93< 2>,./ 4+, 69L / 2; -252,69/4014. U, F7 FH � ]baH B^��h

∇ · τ D
i −∇pci = ρüi + ρfQ̇i,

ABE
Qi = −ki

η
(∇pfi + ρf üi) ,

A�E
»

∇ · u̇i

∇ · Qi

–

= − 1

Kd
i

»

1 −αi

−αi αi/Bi

– »

ṗci

ṗfi

–

,
A�E

τ
D
i = Gi

„

∇ui + ∇u
T
i − 2

3
∇ · ui I

«

,
A�E

L+,5, 4+, 03<,I
i
5,-5,/,34/ 4+, 4L2 -+9/,/ A

i = 1, 2E F *+,
5,/-23/, K,6</ 03 4+,/, ,?:94023/ 95, 4+,8 /,6J,/ 62 196 J26@
:8 , 9J,597,/ 49=,3 2J,5 9 /196, 6957,5 4+93 4+, 75903 /0D,/>:4 /8 966,5 4+93 4+, 8 ,/2/12-01 ,I4,34 2; ,04+,5 -+9/, F *+,
62196 K,6</ 95, �

ui
H 4+, 9J,597, <0/- 691,8 ,34 2; 4+, ;598 ,@

L25= 2; 75903/ � Qi
H 4+, � 951. K 64594023 J,62104. � pfi

H 4+,
i:0< -5,//:5, � pci

H 4+, 123K3037 -5,//:5, A42496 9J,597, -5,/@
/:5,E � 93< τ D

i

H 4+, <,J0942501 A25 /+,95E /45,// 4,3/25 F G3 4+,
603,95 4+,25. 2; 034,5,/4 +,5, H 4+, 2J,5<24/ 23 4+,/, K,6</ <,@
324, 9 -954096 408 , <,50J940J, F G3 4+, 62196 � 951. 69L A�E H
η

0/ 4+, i:0< J0/12/04. 93< 4+, -,58 ,9>0604.
ki

0/ 9 603,95
408 ,@123J26:4023 2-,59425 L+2/, M2:50,5 4593/;258

ki(ω)
0/

1966,< 4+, S<.398 01 - ,58 ,9>0604. T 93< 193 >, 82<,6,< :/037
4+, 4+,25. 2; �beY|bY da Xf� UB^_}h A/,, 4+, 9--,3<0I E FG3 4+, 62196 128-5,//0>0604. 69L A�E H Kd

i

0/ 4+, <5903,<
>:6= 82<:6:/ 2; -+9/,

i
A123K3037 -5,//:5, 1+937, <0J0<,<

>. /98-6, <069494023 :3<,5 123<04023/ L+,5, 4+, i:0< -5,/@
/:5, <2,/ 324 1+937,E H Bi

0/ `\ d�� abY �| UB^~�h 12,� 10,34 2;
-+9/,

i
Ai:0< -5,//:5, 1+937, <0J0<,< >. 123K3037 -5,//:5,

1+937, ;25 9 /,96,< /98-6,E H 93<
αi

0/ 4+, � ]ba XYZ V]f f]|UB^~}h 12,� 10,34 2; -+9/,
i
<,K3,< 9/

αi = (1 − Kd
i /Ku

i )/Bi,
A~E

L+,5,
Ku

i

0/ 4+, :3<5903,< >:6= 82<:6:/ A123K3037 -5,//:5,
1+937, <0J 0<,< >. /98-6, <069494023 ;25 9 /,96,< /98-6,E F G3
4+, -5,/,34 L25= H 32 5,/45014023/ 42 /0376,@8 03,596 0/2452- 01
75903/ L 066 > , 8 9<, F M03966.H 03 4+, <,J0942501 123/404:40J,
69L A�E H Gi

0/ 4+, /+,95 82<:6:/ 2; 4+, ;598 ,L25= 2; 75903/ F
j4 4+, 62196 6,J,6 H 966 4+,/, -252,69/401 123/4934/ 95, 49=,3
42 >, 5,96 123/4934/ F G3 4+, 9--,3<0I L, 70J, 4+, �X||� XYYUB^~Bh i:0<@/:>/404:4023 5,694023/ 4+94 9662L Bi

93<
αi

42
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>, ,I-5,//,< 03 4,58 / 2; 4+, -252/04.
φi

H 4+, i:0< 93< /260<
>:6= 82<:60

Kf
93<

Ks
H 93< 4+, <5903,< 82<:6:/

Kd
i

F

2.2. Double-Porosity Governing Equations
G3 4+, <2:>6,@-252/04. 4+,25.H 4+, 7296 0/ 42 <,4,58 03, 4+,

9J,597, i:0< 5,/-23/, 03 ,91+ 2; 4+, -252:/ -+9/,/ 03 9<<0@
4023 42 4+, 9J,597, <0/-691,8 ,34 2; 4+, /260< 75903/ U� dgg��
�XY XYZ VXY� H B^^~h F *+, 9J,597,/ 95, 49=,3 2J,5 5,7023/
6957, ,32:7+ 42 /0730K19346. 5,-5,/,34 >24+ -252:/ -+9/,/ H
>:4 /8 966,5 4+93 L9J,6,374+/ F j //:8 037 93

e−iωt 408 , <,@
- ,3<,31, H 	 g]Zd XYZ � dgg�� XY U����9h +9J, :/,< J26:8 ,
9J,597037 2; 4+, 62196 69L / ABE� A� E 42 2>4903 4+, 8 9152/12-01
S<2:>6,@-252/04.T 72J,53 037 ,?:94023/ 03 4+, ;258

∇ · τ D − ∇Pc = −iω(ρv + ρfq1 + ρfq2),
A�E

»

q1

q2

–

= −1

η

»

κ11 κ12

κ12 κ22

–

·
»

∇pf1 − iωρfv

∇pf2 − iωρfv

–

,
A}E

2

4

∇ · v
∇ · q1

∇ · q2

3

5= iω

2

4

a11 a12 a13

a12 a22 a23

a13 a23 a33

3

5·

2

4

Pc

pf1

pf2

3

5+ iω

2

4

0
ζint

−ζint

3

5 ,
A_E

−iωζint = γ(ω) (pf1 − pf2),
A^E

−iωτ
D = [G(ω) − iωg(ω)]

»

∇v + (∇v)T − 2

3
∇ · v I

–

.
AB�E

*+, 8 9152/12-01 K,6</ 95, �
v
H 4+, 9J,597, -954016, J,62104.

2; 4+, /260< 75903/ 4+52:7+2:4 93 9J,597037 J26:8 , 2; 4+,
128-2/04, � qi

H 4+, 9J,597, � 951. i:I 9152// -+9/,
i� Pc

H
4+, 9J,597, 42496 -5,//:5, 03 4+, 9J,597037 J26:8 , � τ D H 4+,
9J,597, <,J0942501 /45,// 4,3/25 � pfi

H 4+, 9J,597, i:0< -5,/@
/:5, L 04+ 03 -+9/,

i � 93< −iωζint
H 4+, 9J,597, 594, 94 L+01+

i:0< J26:8 , 0/ > ,037 4593/;,55,< ;528 -+9/, B 0342 -+9/, �
9/ 3258 960D,< >. 4+, 42496 J26:8 , 2; 4+, 9J,597037 5,7023 F
*+, <08 ,3/023 6,// 0315,8 ,34

ζint
5,-5,/,34/ 4+, S8 ,/2/12-01

i2L FT

?:94023 A}E 0/ 4+, 7,3,5960D,< � 951. 69L 9662L 037 ;25

i:0< 152//@12:-6037 >,4L,,3 4+, -+9/,/ U1 F; FH 	 g]Zd XYZ� dgg�� XYH ����>h H ,?:94023 A_E 0/ 4+, 7,3,5960D,< 128-5,//@
0>0604. 69L L+,5, ∇ · qi

1255,/-23</ 42 i:0< 4+94 +9/ > ,,3
<,-6,4,< ;528 -+9/,

i
<:, 42 4593/;,5 9152// 4+, ,I4,5396 /:5@

;91, 2; 93 9J,597037 J26:8 , H 93< ,?:94023 A^E 0/ 4+, 4593/@
-254 69L ;25 034,5396 8 ,/2/12-01 i2L Ai:0< 4593/;,5 > ,4L,,3
4+, 4L2 -252:/ -+9/,/E F*+, 12,� 10,34/

aij
93<

γ
03 4+,/, ,?:94023/ +9J, >,,3

82<,6,< 03 <,4906 >. 	 g]Zd XYZ � dgg�� XY U����9 H>h F �,;25,
-5,/,34037 4+,/, 5,/: 64/ 03 4+, ;2662L 037 /:>/,14023/ H 4+, 39@
4:5, 2; 4+, L9J,/ 08-601046. 1234903,< 03 4+,/, 69L / 0/ >50,i.
1288,34,< :-23 F G; -693,@L9J, /26:4023/ ;25

v
H
q1

93<
q295, 03452<:1,< H 4+,5, 0/ ;2:3< 42 >, 9 /0376, 4593/J,5/, L9J, H

93< 4+5,, 6237404:<0396 5,/-23/,/ � 9 ;9/4 L9J, 93< 4L2 /62L
L9J,/ U� dgg�� XY XYZ VXY� H ����h F *+, ;9/4 L9J, 0/ 4+,
:/:96 P@L9J, 0<,340K,< 23 /,0/8 27598 / H L+06, 4+, 4L2 /62L
L9J,/ 1255,/-23< 42 i:0<@-5,//:5, <0R:/023 03 -+9/,/ B 93<
� F *+, 236. -52>6,8 L 04+ 9396.D037 4+, ;9/4 128-5,//02396
L9J, 03 4+ 0/ 8 933,5 0/ 4+94 4+, 1+95914,50/401 ,?:94023 ;25
4+, 623704:<0396 /62L3,//

s
0/ 1:>01 03

s2 93< H 4+,5,;25, H
/28 ,L+94 03123J,30,34 ;25 9396. /0/ F

2.3. Reduction to an Effective Biot Theory
*+, 9--5291+ 4+94 L, 49=, 03/4,9< 0/ K5/4 42 5,<:1,

4+,/, <2:>6,@-252/04. 69L / A�E� AB�E 42 93 ,R,140J, /0376,@
-252/04. � 024 4+,25. +9J037 128-6,I ;5,?:,31.@<,-,3<,34
12,� 10,34/ F *+, ,9/0,/4L9. 42 <2 4+ 0/ 0/ 42 9//:8 , 4+94
-+9/, � 0/ ,3405,6. ,8>,<<,< 03 -+9/, B /2 4+94 4+, 9J,597,
i:I

q2
0342 93< 2:4 2; 4+, 9J,597037 J26:8 , 9152// 4+, ,I@

4,5396 /:5;91, 2; -+9/, � 0/ D,52 F �. -691037 ∇ · q2 = 0
0342

4+, 128-5,//0> 0604. 69L / A_E H 4+, i:0< -5,//:5,
pf2

193 >,

,3405,6. ,608 0394,< ;528 4+, 4+,25.F G3 4+0/ 19/, 4+, <2:>6,@
-252/04. 69L / 5,<:1, 42 ,R,140J, /0376,@-252/04. -252,69/401@
04. 72J,53,< >. 69L / 2; 4+, ;258 A�E >:4 L 04+ ,R,140J, -252,@
69/401 8 2<:60 70J,3 >.

1

KD
= a11 − a2

13

a33 − γ/iω
,

ABBE

B =
−a12(a33 − γ/iω) + a13(a23 + γ/iω)

(a22 − γ/iω)(a33 − γ/iω) − (a23 + γ/iω)2
,

AB�E

1

KU
=

1

KD
+ B

„

a12 − a13(a23 + γ/iω)

a33 − γ/iω

«

.
AB�E

C,5, H
KD(ω)

0/ 4+, ,R,140J, <5903,< >:6= 82<:6:/ 2; 4+,
<2:>6,@-252/04. 128-2/04, H

B(ω)
0/ 4+, ,R,140J, O=,8-423 �/12,� 10,34 H 93<

KU (ω)
0/ 4+, ,R,140J, :3<5903,< >:6= 82<@

:6:/ F j3 ,R,140J, �024@� 0660/ 123/4934 193 4+,3 >, <,K3,<
:/037

α(ω) = [1 − KD(ω)/KU (ω)]/B(ω)
F

*+, 128-6,I ;5,?:,31. <,-,3<,34 S<5903,<T 82<:6:/
KD<,K3,/ 4+, 42496 J26:8 ,4501 5,/-23/, L+,3 4+, 9J,597, i:0<

-5,//:5, 4+52:7+2:4 4+, +2/4 -+9/, B 0/ :31+937,< F �:,
42 4+, i:0< -5,//:5, <0R,5,31,/ > ,4L,,3 4+, 4L2 -+9/,/ H
i: 0<@-5,//:5, ,?:060>594023 ,3/:,/ L+01+ 5,/: 64/ 03

KD
>,037

128-6,I 93< ;5,?:,31. <,-,3<,34 F O08 0695 034,5-5,494023/
+26< ;25 4+, :3<5903,< 82<:60

KU
93<

B
F j3 :3<5903,<

5,/-23/, 0/ L+,3 32 i:0< 193 ,/19-, 25 ,34,5 4+52:7+ 4+,
,I4,5396 /:5;91, 2; 93 9J,597037 J26:8 , � +2L,J,5 H 4+,5, 193
>, 123/0<,59>6, 034,5396 ,I1+937, 2; i:0< >,4L,,3 4+, 4L2
-+9/,/ 5,/: 64037 03 4+, 128-6,I ;5,?:,31.@<,-,3<,34 394:5,
2; >24+

KU
93<

B
F

2.4. Double-Porosity aij Coefficients
*+, 123/4934/

aij
95, 966 5,96 93< 1255,/-23< 42 4+, +07+@

;5,?:,31. 5,/-23/, ;25 L+01+ 32 034,5396 i:0<@-5,//:5, 5,@
69I94023 193 49=, -691, F *+,. 95, 70J,3 ,I9146. 9/ U	 g]Zd
XYZ � dgg�� XYH ����9h

a11 = 1/K
AB� E

a22 =
v1α1

Kd
1

„

1

B1
− α1(1 − Q1)

1 − Kd
1/Kd

2

« AB~E

a33 =
v2α2

Kd
2

„

1

B2
− α2(1 − Q2)

1 − Kd
2/Kd

1

« AB�E

a12 = −v1Q1α1/Kd
1

AB}E
a13 = −v2Q2α2/Kd

2

AB_E

a23 = − α1α2K
d
1/Kd

2

(1 − Kd
1/Kd

2 )2

„

1

K
− v1

Kd
1

− v2

Kd
2

« AB^E

L+,5, 4+,
Qi

95, 9:I06095. 123/4934/ 70J,3 >.

v1Q1 =
1 − Kd

2 /K

1 − Kd
2 /Kd

1

93<
v2Q2 =

1 − Kd
1/K

1 − Kd
1/Kd

2

.
A��E

C,5, H
v1

93<
v2

95, 4+, J26:8 , ;5914023/ 2; ,91+ -+9/, L 04+03
93 9J,597037 J26:8 , 2; 4+, 128-2/04, F

*+, 23, 123/4934 4+94 +9/ 324 .,4 > ,,3 <,4,58 03,< 0/ 4+,
2J,5966 <5903,< 82<:6:/

K = 1/a11
2; 4+, 4L2@-+9/, 128 @

-2/04, A4+, 82<:6:/ <,K3,< 03 4+, ?:9/0@/49401 608 04 L+,5,
4+, 62196 i:0< -5,//:5, 4+52:7+2:4 4+, 128-2/04, 0/ ,J,5.@
L+,5, :31+937,<E F G4 0/ 4+52:7+

K
4+94 4+,

aij
91?:05, 4+,05

<,- ,3<,31, 23 >24+ 4+, 8 ,/2/12-01 7,28 ,45. 93< /+,95
-52-,540,/ 2; ,91+ -252:/ -+9/, F C 9J037 ,I-5,//023/ ;25 +2L
K

<,-,3</ 23 4+, -52-,540,/ 2; 4+, 4L2 123/404:,34/ 0/ ?:04,
:/,;:6 ,J,3 4+2:7+ 93 ,I914 9396.40196 8 2<,6 9--6019> 6, 42
93. 70J,3 <2:>6,@-252/04. /1,39502 8 9. 324 > , =32L3 F

*+, { X|e ]Y XYZ `e ag]\� XY UB^��h >2:3</ ;25 4+, 2J,5966
62L @;5,?:,31. <5903,< >:6= 82<:6:/

K
93< /+,95 82<:6:/
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G
2; 4+, 128-2/04, 193 >, L5044,3

1

K + 4Gi/3
=

v1

Kd
1 + 4Gi/3

+
v2

Kd
2 + 4Gi/3

,
A�BE

1

G + ζi
=

v1

G1 + ζi
+

v2

G2 + ζi
,

A��E

L+,5,
ζi

0/ <,K3,< >.

ζi =
Gi

6

(9Kd
i + 8Gi)

(Kd
i + 2Gi)

.
A��E

�, L 066 K3< 04 394:596 42 <,K3, -+9/, � 9/ > ,037 825, 128 @
-60934 4+93 -+9/, B /2 4+94

Kd
2 < Kd

1

93<
G2 < G1

F G3
4+ 0/ 19/, H 4+, :--,5 608 04/ ;25

K
93<

G
95, 2>4903,< >.

49=037
i = 1

93< 4+, 62L,5 608 04/ >. 49=037
i = 2

F G34,5,/4@
0376.H 4+, :--,5 608 04 0/ ,I9146. 5,960D,< L+,3 -+9/, � 0/ 9
/-+,5, /:552:3<,< >. 9 /-+,50196 /+,66 2; -+9/, B U{ X|e ]Y HB^��h H L+06, 4+, 62L,5 608 04 0/ ,I9146. 5,960D,< L+,3 4+,
<0R,5,34096@,R,140J,@8 ,<0:8 4+,25. 2; � gW�� d� XY UB^�~h 0/
:/,< 42 82<,6 -+9/, � 9/ 9 1266,14023 2; 95> 0459506.@250,34,<
-,33.@/+9-,< 2>694, /-+,520</ 25 <0/=/ U�b|�bdH B^}�h F

*2 +,6- <,10<, L+01+ ,R,140J,@8 ,<0:8 82<,6 0/ 8 2/4 9-@
-52-5094, H 123/0<,5 4+, ;2662L 037 7,26270196 /04:94023/ F j3.
/8 966 - 254023/ 2; 9 123/260<94,<@/93</423, ;258 94023 4+94
5,1,0J,< 60446, 25 32 /,123<95. 8 03,596 <,-2/04023 L 066 60=,6.
+9J, 9 /+9-, 4+94 0/ 8 25, <,3<50401 4+93 128-914 > ,19:/,
8 03,596 <,-2/04023 0/ 9 4593/-254 -521,// F M:54+,5825, H /1,@
39502/ 03 L+01+ 4+ 03 169. 6,3/,/ 95, ,37:6;,< >. /93< <,@
-2/04/ L 066 1255,/-23< 42 93 ,8>,<<,< -+9/, � 7,28 ,45.
4+94 0/ 8 25, 60=, 9 -,33.@/+9-,< 2>694, /-+,520< 4+93 9
128-914 /-+,5, F O08 0695 1288,34/ 96/2 +26< ;25 /04:94023/
03 L+01+ -+9/, � 1255,/-23</ 42 8 9152/12-01 ;5914:5,/ 25
� 2034/ ,8>,<<,< L 04+03 9 /40R,5 /93</423, +2/4 F G3 ,91+ 2;
4+,/, 19/,/ H 4+, 62L,5 { X|e ]Y XYZ `eag]\� XY UB^��h >2:3</
95, 825, 9--52-5094, 4+93 4+, :--,5 >2:3</ F �:5 82<,6@
037 9--5291+ 0/ /08-6. 42 :/, 4+, 62L,5 >2:3</ ;25 8 2<,6037
K

93<
G

03 4+,/, /04:94023/ F j / L 066 > , <,823/4594,< 03
9 3:8,50196 ,I98-6, H :/037 4+, :--,5 >2:3< ;25

K
93<

G-52<:1,/ 8:1+ 6,// 8 ,/2/12-01@i2L 62// 93< <0/- ,5/023 4+93
:/037 4+, 62L,5 >2:3< F

M03966.H 966 <,- ,3<,31, 2; 4+,
aij

23 4+, i:0< �/ >:6= 82<@
: 6:/ 0/ 1234903,< L 04+ 03 4+, 4L2 O=,8-423 �/ 12,� 10,34/
B1

93<
B2

93< 0/ 4+:/ 5,/45014,< 42
a22

93<
a33

F G3 4+,
?:9/0@/49401 608 04

ω → 0
Ai:0< -5,//:5, ,J,5.L+,5, :30;258

4+52:7+2:4 4+, 128-2/04,E H ,?:94023/ AB�E 93< AB�E 5,<:1,
42 4+, =32L3 ,I914 5,/: 64/ 2; � dgg�� XY XYZ � ]fabY UB^^ Bh
231, ,?:94023/ AB�E� AB^E 95, ,8-62.,< F

2.5. Double-Porosity Transport
	 g]Zd XYZ � dgg�� XY U����>h 2>4903 4+, 034,5396 4593/@

-254 12,� 10,34
γ

2; ,?:94023 A^E 9/

γ(ω) = γm

r

1 − i
ω

ωm

A�� E

L+,5,
γm

93<
ωm

95, -9598 ,4,5/ <,- ,3<,34 23 4+, 123@
/404:,34 -52-,540,/ 93< 4+, 8 ,/2/12-01 7,28 ,45.F *2 2>4903
:/,;: 6 9396.40196 5,/:64/ H /28 , 4.-, 2; 9--52I 08 94023 0/ 5,@
?:05,< F
� 258 966.H 4+, <2:>6,@-252/04. 82<,6 0/ :/,;:6 A25 3,1,/@

/95. E 236. 03 /04:94023/ L+,5, 4+, 4L2 -+9/,/ +9J, /45237
123459/4/ 03 4+,05 -+./0196 -52- ,540,/ F � +,3 4+, ,8>,<<,<
-+9/, � 0/ 8:1+ 825, -,58 ,9>6, 4+93 4+, +2/4 -+9/, BH
	 g]Zd XYZ � dgg�� XY U����>h K3< 4+94

γm = −k1K
d
1

ηL2
1

„

a12 + Bo(a22 + a33)

R1 − Bo/B1

«

[1 + O(k1/k2)] ,A�~E

L+,5, 4+,
aij

95, 70J,3 >. ,?:94023/ AB� E� AB^E 93< L+,5,
4+, 5,8 903 037 4,58 /

Bo
H
L1

93<
R1

95, 32L <,K3,< F
*+, <08 ,3/023 6,// ?:93404.

Bo
0/ 4+, /49401 O=,8-423 �/12,� 10,34 ;25 4+, 128-2/04, 93< 0/ 70J,3 ,I9146. >.

Bo = − (a12 + a13)

a22 + 2a23 + a33

A��E
5,795<6,// 2; 4+, 8 ,/2/12-01 7,28 ,45.F

*+, 6,374+
L1

1+95914,50D,/ 4+, 9J,597, <0/4931, 03 -+9/,
B 2J,5 L+01+ 4+, i:0<@-5,//:5, 759<0,34 /4066 ,I 0/4/ 03 4+,
K396 9--5291+ 42 ,?:060>594023 93< +9/ 4+, ;258 96 8 94+,@
8 940196 <,K304023

L2
1 =

1

V1

Z

Ω1

Φ1 dV =
1

V1

Z

Ω1

∇Φ1 · ∇Φ1 dV
A�}E

L+,5,
Ω1

0/ 4+, 5,7023 2; 93 9J,597037 J26:8 , 211:-0,< >.
-+9/, B 93< +9J037 9 J26:8 , 8,9/:5,

V1
F *+, -24,34096

Φ1
+9/ :304/ 2; 6,374+ /?:95,< 93< 0/ 9 /26:4023 2; 93 ,6@

60-401 >2:3<95.@J96:, -52>6,8 4+94 :3<,5 123<04023/ L+,5,
4+, +9582301 8 ,93 0/ 9 722< 9--52I08 94023 ;25 4+, 2J,5@
966 <5903,< 82<:6:/ 93< L+,5, 4+, -,58 ,9>0604. 59402

k1/k2193 >, 123/0<,5,< /8 966 H 5,<:1,/ 42

∇2Φ1 = −1
03

Ω1,
A�_E

n · ∇Φ1 = 0
23

∂E1,
A�^E

Φ1 = 0
23

∂Ω12,
A��E

L+,5,
∂E1

0/ 4+, ,I4,5396 /:5;91, 2; 4+, 9J,597037 J26:8 ,
120310<,34 L 04+ -+9/, BH 93< L+,5,

∂Ω12
0/ 4+, 034,5396 03@

4,5;91, /,-9594037 -+9/,/ B 93< � F Q:640- 6. 037 ,?:94023 A�_E>.
Φ1

93< 034,7594037 2J,5
Ω1

H ,/49>60/+,/ 4+94 /,123< 034,@
7596 2; ,?:94023 A�}E F*+, <08 ,3/023 6,// ?:93404.

R1
0/ 4+, 59402 2; 4+, 9J,597,

/49401 123K3037 -5,//:5, 03 -+9/, B 42 4+, -5,//:5, 9--60,<
42 4+, ,I4,5396 /:5;91, 2; 9 /,96,< /98-6, 2; 4+, 128-2/04, F
	 g]Zd XYZ � dgg�� XY U����9h <,50J, 4+ 0/ 59402 42 > ,

R1 = Q1 +
α1(1 − Q1)Bo

1 − Kd
1 /Kd

2

− v2

v1

α2(1 − Q2)Bo

1 − Kd
2 /Kd

1

A� BE

L+,5, 4+,
Qi

95, 70J,3 >. ,?:94023 A��E F *+:/ H 231, 4+,
2J,5966 <5903,< 82<:6:/

K
0/ 1+2/,3 A, F7 FH :/037 4+, { X|e ]Y

XYZ `e ag]\� XY UB^��h 62L,5 >2:3<E H γm
193 32L >, <,4,5@

8 03,< ;528 ,?:94023 A�~E FG; 04 0/ 8 25, 9--52-5094, 42 123/0<,5 4+, +2/4 -+9/,
B 9/ > ,037 825, - ,58 ,9>6, 4+93 4+, ,8>,<<,< -+9/, �
A
k2/k1 � 1E H 23, 3,,</ 236. 42 ,I1+937, 03<01,/ B 93< �
4+52:7+2:4 966 2; ,?:94023/ A�~E� A� BE FG3 -9//037 H 0; 04 0/ 9//:8 ,< 4+94 4+, +9582301 8 ,93 0/ 9
5,9/239>6, 9--52I 08 94023 ;25 4+, <5903,< 82<:6:/ 2; 4+,
128-2/04, A0 F, FH

1/K = v1/Kd
1 + v2/Kd

2
E H 4+,3

Qi = 1
H

a23 = 0
H

R1 = 1
93< 966 2; 4+, 9>2J, ,I-5,//023/ ,I9146.

5,<:1, 42
γm =

v1k1

ηL2
1

[1 + O(k1/k2)] .
A��E

C2L,J,5 H 4+, +9582301 8 ,93 ;25
K

0/ /- ,1096 H 93< 324 96L9./
9--52-5094, H /2 L, 123/0<,5 4+, 62L,5 { X|e ]Y XYZ `e ag]\� XYUB^��h >2:3< 9/ 4+, -5,;,59> 6, 8 2<,6037 1+201, ;25 8 2/4 7,@
26270196 /04:94023/ 2; 034,5,/4 F

*+, 4593/04023 ;5,?:,31.
ωm

1255,/-23</ 42 4+, 23/,4 2;
9 + 07+@;5,?:,31. 5,708 , 03 L+01+ 4+, i:0<@-5,//:5,@<0R:/023
-,3,4594023 <0/4931, > ,4L,,3 4+, -+9/,/ > ,128 ,/ /8 966 5,6@
940J, 42 4+, /196, 2; 4+, 8 ,/2/12-01 +,4,527,3,04.F G4 0/ 70J,3
>. 	 g]Zd XYZ � dgg�� XY U����>h 42 > ,

ωm =
ηB1K

d
1

k1α1

„

γm
V

S

«2
 

1 +

s

k1B2Kd
2 α1

k2B1Kd
1 α2

!2

.
A��E
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*+, 6,374+
V/S

0/ 0/ 4+, J26:8 ,@42@/:5;91, 59402 L+,5,
S

0/
4+, 95,9 2;

∂Ω12
03 ,91+ J26:8 ,

V
2; 128-2/04, F

*+, 7,28 ,45. 2; 4+, -+9/, � 0316:/023 0/ 9R,14037 4+,
6,374+ -9598 ,4,5/

L1
93<

V/S
9/ L,66 9/ 4+, <5903,< 82<@

: 6:/
K

F P:44037 03 9 +07+6. 128-60194,< 8:640@/196, <0/450@
>:4023 2; -+9/, � A,J,3 9 ;591496 <0/450>:4023 E 1+937,/ 4+,
J96:,/ 2; 4+,/, 4+5,, 3:8>,5/ >:4 <2,/ 324 1+937, 4+, 939@
6.401 /45:14:5, 2; 4+, 9>2J, 5,/: 64/ ;25

γm
93<

ωm
F

M25 128-60194,< 7,28 ,45.H 4+, 6,374+
L1

193 236. >, <,@
4,58 03,< 3:8,501966. 25 03J,54,< ;25 ;528 <949 F M25 0<,96@
0D,< 7,28 ,450,/ 04 193 >, 9396.401966. ,/408 94,< F M25 ,I98 @
-6, H 03 9 1231,34501@/-+,5, 7,28 ,45. L 04+

k1/k2 � 1
H 	 g]Zd

XYZ � dgg�� XY U����>h 2>4903

L2
1 =

9

14
R2

»

1 − 7

6

a

R
+ O(a3/R3)

–

,

L+,5,
a

0/ 4+, 59<0:/ 2; ,91+ /-+,5, 2; -+9/, � ,8>,<<,<
L 04+03 ,91+ /-+,5,

R
2; 128-2/04, F *+, J26:8 , ;5914023

v22; ,8>,<<,< /-+,5,/ 0/
v2 = (a/R)3

03 4+ 0/ 19/, /2 4+94
R193 >, ,608 0394,< :/037

R = a/v
1/3
2

F G3 4+, 964,53940J, 19/,
L+,5,

k2/k1 � 1
H 4+, 6,374+

L2
;25 4+0/ /98 , 1231,34501@

/-+,5, 7,28 ,45. 0/ U, F7 FH �beY|bYH ��� Bh L2
2 = a2/15

F
G3 4+, /1,39502 2; 034,5,/4 03 L+01+ -+9/, � 0/ 49=,3 42 >,

-,33.@/+9-,< 6,3/,/ 2; 23, 825, 128-60934 8 94,5096 8 0I,<
0342 9 /40R,5 -+9/,@ B +2/4 H 4+, 6,374+ -9598 ,4,5

L1
193

94 6,9/4 > , 9--52I 08 94,6. ,/408 94,< F j//:8 037 4+94 ,91+-,33.@/+9-,< 0316:/023 +9/ 9 59<0:/
a

93< 9 4+ 01=3,//
εaL+,5,

ε
0/ 4+, 9/- ,14 59402 2; 4+, 0316:/023 H 23, 193 ,/408 94,

Φ1
:/037 9 /08-6, /69> 7,28 ,45.F � 04+ 4+, J26:8 , ;5914023

v2
93< >24+

a
93<

ε
45,94,< 9/ :/,5@12345266,< -9598 ,4,5/ H

23, K3</ 4+94
V/S = aε/(2v2)

93<
L2

1 = a2/12
F *+,/, ,/40@

8 94,/ ;25
L1

93<
V/S

96237 L 04+ 4+, { X|e ]Y XYZ `eag]\� XYUB^��h 62L,5 >2:3< ;25
K

93<
G L 066 > , 4+, 82<,6 45,94,<

03 4+, 3:8,50196 ,I98-6,/ 4+94 ;2662L F
*+, 12,� 10,34

G(ω) − iωg(ω)
72J,53 037 /+,95 7,3,5966.

+9/ 9 323@D,52 SJ 0/12/04.T
g(ω)

9//21094,< L 04+ 4+, 8 ,/2@
/12-01 i:0< 4593/-254 > ,4L,,3 4+, 128-5,//02396 62> ,/ /:5@52:3<037 9 /+,95,< -+9/, � 0316:/023 F �24+ 2; 4+, ;5,?:,31.
;:314023/

G(ω)
93< −ωg(ω)

95, 5,96 93< 95, C 06> ,54 4593/@
;258 / 2; ,91+ 24+,5 F *+, ;5,?:,31. <,-,3<,31, 2;

g(ω)L9/ 324 82<,6,< >. 	 g]Zd XYZ � dgg�� XY U����>h H >:4 0/
-5,/,346. > ,037 9396.D,< ;:54+,5 >. 4+,/, 9:4+25/ F C ,5, H L,123403:, 42 07325, 93. -2//0> 6, <0/- ,5/023 03 4+, /+,95 -52-@
,540,/ 93< 49=,

G
42 > , 9 5,96 123/4934 70J,3 >. 4+, { X|e]Y

XYZ `e ag]\� XY UB^��h 62L,5 >2:3< F
M03966.H 4+, <.398 01 - ,58 ,9>0604.

k(ω)
42 > , :/,< 03 4+,

,R,140J, � 024 4+,25. 193 >, 82<,6,< 03 /,J,596 L9./ F *+,
9--52-5094, 82<,6037 1+201, L+,3 -+9/, � 0/ 8 2<,6,< 9//8 966 0316:/023/ ,8>,<<,< 03 -+9/, B 0/ 4+, +9582301 8 ,93
1/k(ω) = v1/k1(ω) + v2/k2(ω) ≈ v1/k1(ω)[1 + O(v2k1/k2)]

F

2.6. Phase Velocity and Attenuation
� 04+ 966 2; 4+, <2:>6,@-252/04. 12,� 10,34/ 32L <,K3,< H

4+, 128-5,//02396 -+9/, J,62104. 93< 944,3:94023 193 >, <,@
4,58 03,< >. 03/,54037 9 -693,@L9J, /26:4023 0342 4+, ,R,140J,
/0376,@-252/04. � 024 ,?:94023/ U2; 4+, ;258 ABE� A� Eh F *+0/70J,/ 4+, /493<95< 128-6,I 6237404:<0396 /62L3,//

s
2; � 024

4+,25.

s2 = b ∓

s

b2 −
ρρ̃ − ρ2

f

MH − C2
,

A�� E
L+,5,

b =
ρM + ρ̃H − 2ρfC

2(MH − C2)

A�~E
0/ /08-6. 93 9:I06095. -9598 ,4,5 H 93< L+,5,

H
H
C

93<
M95, 4+, � ]ba UB^��h -252,69/401 8 2<:60 <,K3,< 03 4,58 / 2;

4+, 128-6,I ;5,?:,31.@<,-,3<,34 -9598 ,4,5/ 2; ,?:94023/
ABBE� AB�E 9/

H = KU + 4G/3,
A��E

C = BKU ,
A�}E

M =
B2

1 − KD/KU
KU .

A�_E
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Pe = 0.1 MPa   (10 m)
Pe = 1 MPa      (100 m)
Pe = 10 MPa    (1 km)
Pe = 100 MPa  (10 km)

������ �� *+, 944,3:94023 93< -+9/, J,62104. 2; 128 @
-5,//02396 L9J,/ 03 4+, <2:>6,@-252/04. 82<,6 2; 	 g]Zd
XYZ � dgg�� XY U����9h F *+, 4+ 03 6,3/,/ 2; -+9/, � +9J,
;598 , 82<:60 A

Kd
2

93<
G2

E 8 2<,6,< :/037 4+, 82<0K,<
�96423 4+,25. 70J,3 03 4+, 9--,3<0I 03 L+01+ >24+

Kd
293<

G2
J95. /452376. L 04+ 4+, >91=752:3< ,R,140J, -5,/@

/:5,
Pe

A25 2J,5>:5<,3 4+01=3,//E F *+,/, 6,3/,/ 2; -252:/
123403::8 � 95, ,8>,<<,< 0342 9 -+9/, B 123403::8
82<,6,< 9/ 9 123/260<94,< /93</423, F

*+, 128-6,I 03,5409
ρ̃

1255,/-23</ 42 5,L504037 4+, 5,6940J,
i2L 5,/0/4931, 9/ 93 ,R,140J, 03,54096 ,R,14

ρ̃ = −η/[iωk(ω)].
A�^E

*9=037 4+, 8 03:/ /073 03 ,?:94023 A��E 70J,/ 93
s

+9J037
93 08 970395. -954 8:1+ /8 966,5 4+93 4+, 5,96 -954 93< 4+94
4+:/ 1255,/-23</ 42 4+, 3258 96 P@L9J, F *9=037 4+, -2/0@
40J, /073 70J,/ 93

s L 04+ 5,96 93< 08 970395. -954/ 2; 52:7+6.
4+, /98 , 98-604:<, 93< 4+94 4+:/ 1255,/-23</ 42 4+, /62LP@L9J, A9 -:5, i:0<@-5,//:5, <0R:/023 9152// 4+, /,0/8 01
>93< 2; ;5,?:,310,/E F �, 95, 236. 034,5,/4,< +,5, 03 4+,
-52-,540,/ 2; 4+, 3258 96 P@L9J, F

*+, P@L9J, -+9/, J,62104.
vp

93< 4+, 944,3:94023 8 ,9@
/:5,

Q−1
p

95, 5,694,< 42 4+, 128-6,I /62L3,//
s

9/

vp = 1/Re{s}, A��E
Q−1

p = Im{s2}/Re{s2}. A� BE

2.7. Numerical Examples

G3 K7:5, BH L, 70J, 93 ,I98-6, 2;
Q−1

p

93<
vp

9/ <,4,5@
8 03,< :/037 4+, <2:>6,@-252/04. 4+,25.F *+, ,I98-6, 82<@
,6/ 9 123/260<94,<@/93</423, -+9/, B +2/4 4+94 1234903/ 4+ 03
6,3/,/ A/?:9/+,<�2>694, /-+,520</E 2; 93 :31,8 ,34,< 7593@
:695 -+9/, � 8 94,5096 F *+, <5903,< -52-,540,/ 2; -+9/, � 95,
<,4,58 03,< :/037 4+, 82<0K,< �96423 4+,25. 70J,3 03 4+,
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������ � � j 128-950/23 2; 8 2<,6037 4+, ,8>,<<,<
-+9/, � 9/ ,04+,5 - ,33.@/+9-,< 6,3/,/ 25 /-+,5,/ F j 66
1:5J,/ +9J, 0<,340196 -+9/, B 93< -+9/, � 8 94,5096 -52-@
,540,/ 93< 0<,340196 -+9/, � J26:8 , ;5914023/

v2 =
�� F

*+, 236. <0R,5,31, 0/ 4+, 9//:8 ,< /+9-, 2; 4+, -+9/,
� 0316:/023 H L+01+ +9/ 9 /45237 03i:,31, 23 4+, 2J,5@
966 <5903,< >:6= 82<:6:/ 2; 4+, 128-2/04, A4+, { X|e ]Y
XYZ `e ag]\� XY UB^��h :--,5 >2:3< +26</ 03 4+, 19/, 2;
/-+,5,/ H L+06, 4+, 62L,5 >2:3< +26</ 03 4+, 19/, 2; - ,33.@
/+9-,< 6,3/,/E F

9--,3<0I F G3 4+0/ L9.H 4+, 82<:60
Kd

2

93<
G2

95, ;:314023/
2; 4+, >91=752:3< ,R,140J,@/45,// 6,J,6

Pe
F *+, +2/4 -+9/,

B 0/ 8 2<,6,< :/037
φ1 = 0.20

93<
c = 2

03 4+, 82<,6 70J,3
03 4+, 9--,3<0I F j 66 8 03,596 8 2<:60 95, 49=,3 42 >, 4+94 2;
?:954D Ks = 38 �P9 93<

Gs = 44 �P9 93< 4+, -,58 ,9>0604.
2; 4+, +2/4 -+9/, 0/

k1 = 10
8� F *+, <5903,< -52-,540,/ 2;

4+, 128-2/04, L,5, 82<,6,< :/037 4+, { X|e ]Y XYZ `e ag]\ �
�XY UB^��h 62L,5 >2:3</ 70J,3 03 ,?:94023/ A� BE� A��E F *+,
-,33.@/+9-,< 0316:/023 2; -+9/, � +9J, 4+, ;2662L 037 7,2@
8 ,450196 -52- ,540,/ �

a =
� 18 H

ε = 10−2 H v2 =
� � H

L1 =
_ F�

88 H 93<
V/S =

~ 88 F *+, /- ,10K1 /+9-, 2; 4+, 944,3:9@
4023 1:5J, 0/ +07+ 6. /,3/040J, 42 L+,4+,5

L1
0/ 75,94,5 4+93

25 6,// 4+93
V/S

F *+, 03J950934 - ,9= 3,95
106 CD 0/ 4+94 <:,

42 4+, �024 62// Ai:0< ,?:060>594023 94 4+, /196, 2; 4+, /,0/@
8 01 L9J,6,374+ E H L+06, 4+, >529< 8 903 -,9= 4+94 1+937,/
L 04+ 4+, ,R,140J, -5,//:5,

Pe
0/ 4+94 <:, 42 8 ,/2/12-01@/196,

,?:060>594023 F j 66 <,- ,3<,31, 23
Pe

03 4+0/ ,I98-6, 128 ,/
;528 +2L Kd

2

93<
G2

J95. L 04+
Pe

F
*+, 6,J,6 2; 944,3:94023 03 4+, <2:>6,@-252/04. 4+,25. 0/

12345266,< >. 4+, ;91425/ 4+94 9662L -+9/, � 42 <,J,62- 9
<0R,5,34 i:0< -5,//:5, 5,/-23/, 9/ 128-95,< 42 -+9/, BF G3
K7:5, � H 4+0/ 0/ <,823/4594,< >. 128-95037 -+9/, � 82<@
,6,< 9/ /-+,5,/ 42 -+9/, � 82<,6,< 9/ - ,33.@/+9-,< 6,3/,/ F
�24+ ,I98-6,/ +9J, 0<,3401966. 4+, /98 , J26:8 , ;5914023/
2; -+9/, � 9/ L,66 9/ -+9/, B 93< � 8 94,5096 -52- ,540,/ F
*+, <0R,5,31, 0/ 4+94 03 4+, /-+,5, 82<,6 H 4+, { X|e ]Y XYZ`e ag]\� XY UB^��h :--,5 >2:3< 0/ :/,< ;25

K
93<

G
H L+06,
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������ � � j44,3:94023 93< <0/- ,5/023 -5,<014,< >. 4+,
<2:>6,@-252/04. 82<,6 2; 	 g]Zd XYZ � dgg�� XY U����9h
A4+, /260< 1:5J,/E 9/ 128-95,< 42 4+, <949 2; `X� | da
Xf� UB^^}h A5,14937:695 >2I,/E F *+, 3:8>,5 2;

Q−1 ,/@
408 94,/ <,4,58 03,< >. `X�| da Xf� UB^^}h ;966037 L 04+ 03
,91+ 5,14937:695 >2I 95, � �� N OPH �^ 152//L,66 H _~� /2301
627 93< �� :6459/2301 125, 8 ,9/:5,8 ,34/ F j /08 0695 3:8 @
>,5 2; J,62104. 8 ,9/:5,8 ,34/ L,5, 8 9<, F *+,/, J9502:/
8 ,9/:5,8 ,34/ 128 , ;528 <0R,5,34 <,-4+ 5937,/ 94 4+,05
4,/4 /04, F

4+, 62L,5 >2:3< 0/ :/,< 03 4+, -,33.@/+9-,< 6,3/ 82<,6 F j
128-60934 /-+,5, 2; -+9/, � 0/ -524,14,< ;528 93 9--60,<
128-5,//023 >. 4+, 5070<04. 2; 4+, -+9/, B +2/4 4+94 /:5@
52:3</ 04 F j1125<0376.H 324 8:1+ i:0< -5,//:5, <0R,5,31, 0/
15,94,< >,4L,,3 4+, 4L2 -+9/,/ 93< /2 4+,5, 0/ 23 6. 9 /8 966
98 2:34 2; 8 ,/2/12-01 62// F

G3 82<,6037 4+, -,33.@/+9-,< 0316:/023/ 03 K7:5, � H L,
+9J, :/,< 4+, -9598 ,4,5 J96:,/

a = 3
18 A0316:/023 59<0:/E93<

ε = 10−1 42 2>4903
V/S = 5

18 93<
L1 = 0.9

18 F G3
4+0/ 19/, H

V/S > L1
L+01+ +9/ 1+937,< 123/0<,59>6. 4+,

622= 2; 4+, 944,3:94023 1:5J, 9/ 128-95,< 42 K7:5, B L+,5,
V/S < L1

F � +94 0/ +9--,3037 193 >, /,,3 03 4+, ,R,140J,
82<:60 2; ,?:94023/ ABBE� AB�E F *+, -50310-96 5,69I94023 03
4+, ,R,140J, 82<:60 2 11:5/ L+,3,J,5

ω = γ/aij
F �:4 4+,5,

0/ 96/2 9 5,69I94023 03
γ(ω) L+,3

ω = ωm
F M25 /04:94023/

L+,5,
V/S � L1

H 4+, ,R,140J, 82<:60 5,69I 94 9 ;5,?:,31.
8:1+ 6,// 4+93

ωm
AL 04+

γ(ω) = γm
E 93< 4+0/ 0/ 4+, 19/, 03

K7:5, � F � +,3
V/S < L1

H 4+, 5,69I94023 03
γ(ω)

193 >,703
42 211:5 -5025 42 4+, -50310-96 5,69I94023 9/ 0/ /,,3 03 K7:5,
BF

M03966.H 03 K7:5, � H L, 128-95, 4+, <2:>6,@-252/04. 82<,6
42 4+, <949 2; `X�| da Xf� UB^^}h L+2 :/,< <0R,5,34 /,0/8 01
8 ,9/:5,8 ,34/ AN OPH 152//L,66 H /23 01 627 H 93< :6459/2301 69>E42 <,4,58 03,

Q−1 93< P@L9J, J,62104. 2J,5 9 L 0<,>93< 2;
;5,?:,310,/ 94 4+,05 4,/4 /04, 03 
37693< F *+, J950931, 2; 4+,
8 ,9/:5,8 ,34/ ;966037 L 04+ 03 ,91+ 5,14937:695 >2I 95, <:, 42
4+, J9502:/ 521= 69.,5/ -5,/,34 94 4+0/ /04, F � 949 1266,14023
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L9/ >,4L,,3 ;2:5 L,66/ 4+94 95, 9 ;,L +:3<5,< 8 ,4,5/ <,,- F
*+, 7,2627. 94 4+, /04, 0/ 9 /,?:,31, 2; 69.,5,< 608 ,/423,/ H
/93</423,/ H /064/423,/ 93< 8:</423,/ F �, 82<,6 -+9/, � 9/
:3123/260<94,< -,33.@/+9-,< 0316:/023/ 03 L+01+

a = 5
18

A0316:/023 59<0:/E H ε = 6 × 10−3 H v2 = 1.2
� H

k1 = 80
8� H

V/S = 1.25
18 H 93<

L1 = 1.45
18 F *+, -+9/, B +2/4 0/

97903 49=,3 42 >, 9 L,66@123/260<94,< /93</423, F

2.8. Discussion*+, 2J,5966 8 97304:<, 2; 944,3:94023 03 4+, <2:>6,@
-252/04. 82<,6 0/ <28 039346. 12345266,< >24+ >. 4+, 123459/4
2; 128-5,//0> 06040,/ > ,4L,,3 4+, 4L2 -252:/ -+9/,/ 93< 4+,
9//:8 ,< /+9-, 2; 4+, ,8>,<<,< -+9/, F k,54903 9//:8 ,<
/+9-,/ H /:1+ 9/ /-+,50196 0316:/023/ H 9662L 4+, 5070<04. 2; 4+,
+2/4 -+9/, 42 -524,14 ,J,3 9 J,5. /2;4 0316:/023 ;528 >,037
128-5,//,< 8:1+ 93< 4+0/ 5,/:64/ 03 8 0308 96 8 ,/2/12-01 62//
;25 /:1+ 9 7,28 ,45.F �,// 128-914 93< 825, ,623794,< 25
,J,3 <,3<50401 8 ,/2/12-01 7,28 ,450,/ 95, L+94 -24,340966.
9662L 4+, 8 ,/2/12-01@62// 42 > , 08-254934 F C2L,J,5 H ,J,3
03 4+, -5,/,31, 2; /:1+ /45:14:5, H 9 /45237 123459/4 03 4+,
<5903,< -52-,540,/ 2; 4+, 4L2 -+9/,/ 0/ 96/2 5,?:05,< 03 25<,5
42 7,3,594, 9 /073 0K1934 8 ,/2/12-01 i:0<@-5,//:5, 759<0,34
93< 8,/2/12-01 62// F j 123459/4 03 - ,58 ,9>0604. 9623, L2:6<
7,3,594, 32 /:1+ 8 ,/2/12-01@/196, i:0< -5,//:5, 759<0,34/ F

*+, 5,69I94023 ;5,?:,31. 94 L+01+ 4+, 8 ,/2/12-01 62// - ,5
1.16, 0/ 8 9I 08:8 0/ -52-25402396 42

ηk1/L2
1

F M95 > ,62L 4+0/
5,69I94023 ;5,?:,31.H

Q−1 96L9./ 0315,9/,/ 603,956. L 04+ ;5,@
?:,31. 9/

fη/k1
F *+:/ H 4+, - ,58 ,9>0604. 03;258 94023 03 4+,

<2:>6,@-252/04. 944,3:94023 0/ 8 9036. 03 4+, ;5,?:,31. <,@
- ,3<,31, 2;

Q−1 H Yba 03 4+, 2J,5966 8 97304:<, 2;
Q−1 H 93<03J26J,/ A8 2/4 08-2549346. E 4+, - ,58 ,9>0604.

k1
2; 4+, +2/4

-+9/, H Yba 4+, 2J,5966 - ,58 ,9>0604. 2; 4+, 128-2/04, A/,,
� dgg�� XY UB^__h ;25 9 5,694,< <0/1://023E F G; -+9/, � 0/ L,66
8 2<,6,< 9/ > ,037 /8 966 - ,33.@/+9-,< 0316:/023/ ,8>,<<,<
03 -+9/, BH 4+,3

k1
0/ 12345266037 4+, 2J,5966 - ,58 ,9>0604.F G;

-+9/, � 1255,/-23</ 42 4+52:7+ 72037 1233,14,< �2034/ H 4+,3
964+2:7+

Q−1(ω)
1234903/ 03;258 94023 9>2:4

k1
H 04 <2,/ 324

1234903 03;258 94023 9>2:4 4+, 2J,5966 - ,58 ,9>0604. L+01+ 0/
> ,037 <28 0394,< >.

k2
03 4+ 0/ 19/, A0 F, FH

k2
+9/ 32 /0730K1934

03i:,31, 23 4+, 8 ,/2/12-01@62// -521,//E FG3 4+, 19/, 2; 4+52:7+@72037 �2034/ H 4+, ,?:060>594023 94
4+, /196, 2; 4+, L9J,6,374+ A4+, � 024 62//E +9/ 9 1+931, 2; > ,@
037 /+0;4,< 42 62L,5 ;5,?:,310,/ F *+, 236. L9. 42 <,4,58 03,
4+, -52-,5 944,3:94023 1:5J, 03 4+0/ 19/, 0/ 42 /26J, 4+, 1:>01
1+95914,50/401 ,?:94023 ;25

s2 U4+, 1+95914,50/401 ,?:94023 0/
2>4903,< >. 03/,54037 9 -693,@L9J, /26:4023 0342 4+, 128 @
-6,4, <2:>6,@-252/04. ,?:94023/ A�E� AB�E 9/ <0/1://,< ,95@
60,5h F

3. Patchy-Saturation Model
j324+,5 08-254934 /2:51, 2; 8 ,/2/12-01@/196, +,4,52@

7,3,04. +9J037 93 08-254934 03i:,31, 23 /,0/8 01 -52-,540,/
0/ -941+. i:0< /94:594023 U, F7 FH � Y]�ea da Xf�H B^^_h F j 66 394@
:596 +.<526270196 -521,//,/ >. L+01+ 23, i:0< 323@8 0/10> 6.
03J9<,/ 9 5,7023 03040966. 211:-0,< >. 9324+,5 5,/: 64 03 9
-941+. <0/450>:4023 2; 4+, 4L2 i:0</ F *+, -941+ /0D,/ 95, <0/@
450>:4,< 9152// 4+, ,3405, 5937, 2; 8 ,/2/12-01 6,374+ /196,/
93< ;25 8 93. 03J9/023 /1,39502/ 95, ,I-,14,< 42 >, ;591@
496 F j / 9 128-5,//02396 L9J, /?:,,D,/ /:1+ 9 8 94,5096 H 4+,
-941+,/ 211:-0,< >. 4+, 6,//@128-5,//0>6, i:0< L 066 5,/-23<
L 04+ 9 75,94,5 i:0<@-5,//:5, 1+937, 4+93 4+, -941+,/ 21@
1:-0,< >. 4+, 825,@128-5,//0>6, i:0< F *+, 4L2 i:0</ L 066
4+,3 ,?:060>594, >. 4+, /98 , 4.-, 2; 8 ,/2/12-01 i2L 965,9<.
82<,6,< 03 4+, <2:>6,@-252/04. 82<,6 F

j3 9396./0/ 968 2/4 0<,340196 42 4+94 2; 	 g]Zd XYZ � dgg��
�XY U����9 H>h 193 >, 19550,< 2:4 4+94 6,9</ 42 4+, /98 , ,;@
;,140J, -252,69/401 8 2<:60 7 0J,3 >. ,?:94023/ ABBE� AB�E >:4
L 04+ <0R,5,34 <,K304023/ 2; 4+,

aij
123/4934/ 93< 034,5396

4593/-254 12,� 10,34
γ(ω)

F G3 4+, 82<,6 H 9 /0376, :30;258

-252:/ ;598 , 0/ /94:594,< >. 8,/2/12-01@/196, -941+,/ 2;
i:0< B 93< i:0< � F �, <,K3, -252:/ -+9/, B 42 > , 4+2/, 5,@
7023/ A-941+,/E 211:-0,< >. 4+, 6,// 8 2>06, i:0< 93< -+9/,
� 4+, -941+,/ /94:594,< >. 4+, 825, 82>06, i:0< � 0 F, FH >.
<,K304023

η1 > η2
F *+0/ 8 2/4 2;4,3 A>:4 324 3,1,//9506. E1255,/-23</ 42

Kf1 > Kf2
93< H 4+,5,;25, H 42

B1 > B2
F

�beY|bY U���Bh +9/ 45,94,< 4+ 0/ 8 2<,6 :/037 9 <0R,5@
,34 1295/,@75903037 957:8 ,34 L+06, /4954037 ;528 4+, /98 ,
62196 -+./01/ A+2L,J,5 H +, 9//:8 ,/ 4+, -252:/ 8 94,5096
0/ 9 �9//8 933@/4. 6, 8 232@8 03,596 8 94,5096E F �:5 K396
:3<5903,< >:6= 82<:6:/ 0/ 0<,340196 42 4+, 5,/: 64 2; �beY �

|bY U��� Bh 03 4+, 608 04/ 2; +07+ 93< 62L ;5,?:,31. 93< <0R,5/
23 6. /607+46. 03 4+, 4593/04023 5937, 2; ;5,?:,310,/ L+,5, 4+,
i2L 03 ,04+,5 82<,6 0/ 324 ,I-601046. 45,94,< F

3.1. Patchy-Saturation aij Coefficients
*2 2>4903 4+,

aij
;25 4+, -941+.@/94:594023 82<,6 H L,

324, 4+94 H >. 82<,6 9//:8-4023 H ,91+ -941+ +9/ 4+, /98 ,
α93<

K
F *+, -252,69/401 <0R,5,31,/ > ,4L,,3 -941+,/ 0/ ,3@

405,6. <:, 42
B1

>,037 <0R,5,34 4+93
B2

F �-23 J26:8 , 9J,5@
97037 ,?:94023 A�E 93< :/037 ∇·v = ∇·

`

v1u̇1

´

+∇·
`

v2u̇2

´ H
L+,5, 93 2J,5603, 97903 <,324,/ 9 J26:8 , 9J,597, 2J,5 4+,
9--52-5094, -+9/, H 93< :/037 4+, ;914 4+94 4+,

aij
95, <,@

K3,< 03 4+, ,I45,8 , +07+@;5,?:,31. 608 04 L+,5, 4+, i:0</
+9J, 32 408 , 42 459J,5/, 4+, 034,5396 034,5;91,

∂Ω12
A0 F, FH

4+,
aij

95, <,K3,< :3<,5 4+, 123<04023 4+94
ζ̇int = 0E H 23,

+9/

∇ · v = −v1

K
ṗc1 − v2

K
ṗc2 +

v1α

K
ṗf1 +

v2α

K
ṗf2,

A��E

∇ · q1 =
v1α

K
ṗc1 −

v1α

KB1
ṗf1,

A��E

∇ · q2 =
v2α

K
ṗc2 −

v2α

KB2
ṗf2.

A�� E
*+, 9J,597, 123K3037 -5,//:5,/

pci

03 ,91+ -+9/, 95, 324
X � g]bg] =32L3 � +2L,J,5 H 4+,. 95, 3,1,//9506. 603,95 ;:31@
4023/ 2; 4+, 4+5,, 03<,-,3<,34 9--60,< -5,//:5,/ 2; 4+, 4+,@
25.

Pc(= v1pc1 + v2pc2)
H
pf1

H 93<
pf2

F G4 0/ /45907+4;25L95<
42 <,823/4594, 4+94 H 0; 93< 236. 0; 4+, 9J,597, 123K3037
-5,//:5,/ 49=, 4+, ;258

v1ṗc1 = v1Ṗc + βṗf1 − βṗf2,
A�~E

v2ṗc2 = v2Ṗc − βṗf1 + βṗf2,
A��E

4+,3 ,?:94023/ A��E� A��E L 066 -52<:1,
aij

4+94 /940/;. 4+,
4+,582<.398 01 /.88,45. 5,?:05,8 ,34 2;

aij = aji
U0 F, FH

4+,/,
aij

123/4934/ 95, 966 /,123< <,50J940J,/ 2; 9 /45903@
,3,57. ;:314023 9/ <,823/4594,< >. 	 g]Zd XYZ � dgg�� XYH����9h F �-23 -691037 ,?:94023/ A�~E 93< A��E 0342 ,?:9@
4023/ A��E� A��E H L, 4+,3 +9J,

a11 = 1/K
A�}E

a22 = (−β + v1/B1)α/K
A�_E

a33 = (−β + v2/B2)α/K
A�^E

a12 = −v1α/K
A~�E

a13 = −v2α/K
A~BE

a23 = βα/K,
A~�E

L+,5,
β

0/ 4+, /0376, 123/4934 5,8 903 037 42 >, <,4,58 03,< F
*2 2>4903

β
H L, 324, 4+94 03 4+, +07+@;5,?:,31. 608 04 H

,91+ 62196 -941+ 2; -+9/,
i
0/ :3<5903,< 93< 4+:/ 1+9591@

4,50D,< >. 93 :3<5903,< >:6= 82<:6:/
Ku

i = K/(1 − αBi)93< 9 /+,95 82<:6:/
G

4+94 0/ 4+, /98 , ;25 966 -941+,/ F G3
4+0/ 608 04 H 4+, :/:96 69L / 2; ,69/40104. A9/ 2--2/,< 42 4+2/, 2;
-252,69/40104. E 72J,53 4+, 5,/-23/, 2; 4+, 128-2/04, F � 24,
4+94 H ,J,3 0; 4+, 521= ;598 , 0/ /-940966. :30;258 H 93 ,I1,-4023
42 :30;258

G
193 H 03 -50310-6, H 2 11:5 0; 1591=/ 95, :30;258 6.
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-5,/,34 F G3 4+ 0/ 19/, H 04 0/ =32L3 A/,, � dgg�� XY da Xf� U����hE4+94 4+, /+,95 82<:6:/ 03 4+, 5,7023/ 1234903037 <5. 1591=/
193 >, /28 ,L+94 <0R,5,34 ;528 4+, /+,95 82<:6:/ 03 4+,
5,7023/ 1234903 037 L,4 1591=/ F G3 5,9604.H +2L,J,5 H 966 1591=/
4,3< 42 >, L94,5 L,4 03 -9540966. /94:594,< 521=/ 93< 04 0/
9 -+./01966. 5,9/239>6, 9--52I 08 94023 42 9//:8 , 4+94

G
0/

4+, /98 , ;25 ,91+ -+9/, ,J,3 L+,3 1591=/ 95, -5,/,34 F
�3<,5 4+,/, -5,10/, 123<04023/ A,69/40104. 2; 93 0/2452- 01

128-2/04, +9J037 :30;258
G

93< 966 +,4,527,3,04. 123K3,<
42 4+, >:6= 82<:6:/ L+01+ 03 4+, -5,/,34 19/, 1255,/-23</
42

Ku
i
E H L, ;2662L �beY|bY U��� Bh >. 03J2=037 4+, 4+,25,8 2;

{ ]f f UB^��h L+01+ /494,/ 4+94 4+, 2J,5966 :3<5903,<@:35,69I,<
82<:6:/ 2; 4+, 128-2/04,

KH
0/ 70J,3 ,I9146. >.

1

KH + 4G/3
=

v1

Ku
1 + 4G/3

+
v2

Ku
2 + 4G/3

.
A~�E

G3 4,58 / 2; 4+,
aij

H 4+0/ /98 , :3<5903,<@:35,69I,< C 066 8 2<@
: 6:/ 0/ 70J,3 >.

1

KH
= a11 + a12

„

δpf1

δPc

«

U

+ a13

„

δpf2

δPc

«

U

,
A~� E

L+,5, H :-23 :/037 ∇ · qi = 0
93<

ζ̇int = 0
03 ,?:94023 A_E93< 4+,3 :/037 A�}E� A~�E H 4+, :3<5903,<@:35,69I,< -5,//:5,

59402/ 95,
„

δpf1

δPc

«

U

=
β − v1v2/B2

β(v1/B1 + v2/B2) − v1v2/(B1B2)
,

A~~E
„

δpf2

δPc

«

U

=
β − v1v2/B1

β(v1/B1 + v2/B2) − v1v2/(B1B2)
.

A~�E

*+:/ H 9;4,5 /28 , 967,>59 H ,?:94023 A~�E . 0,6</ 4+, ,I914 5,@
/: 64

β = v1v2

„

v1

B2
+

v2

B1

«»

α − (1 − K/KH )/(v1B1 + v2B2)

α − (1 − K/KH)(v1/B1 + v2/B2)

–

,
A~}E

L 04+
KH

70J,3 >. ,?:94023 A~�E F j 66 4+,
aij

95, 32L ,I@
-5,//,< 03 4,58 / 2; =32L3 ?:934040,/ F

3.2. Patchy-Saturation Transport
� ,I4 L, 8:/4 9<<5,// 4+, 034,5396 i:0<@-5,//:5, ,?:060@

>594023 >,4L,,3 4+, 4L2 -+9/,/ L 04+ 4+, 7296 2; 2>4903037
4+, 034,5396 4593/;,5 12,� 10,34

γ
2; ,?:94023 A^E F *+, 8 94+@

,8 940196 <,K304023 2; 4+, 594, 2; 034,5396 i:0< 4593/;,5 0/

ζ̇int =
1

V

Z

∂Ω12

n · Q1 dS,
A~_E

L+,5,
V

0/ 4+, J26:8 , 211:-0,< >. 4+, 128-2/04, F j -2/@
/0>6, 1231,53 03 4+, -941+.@/94:594023 9396. /0/ 0/ L+,4+,5
19-06695. ,R,14/ 94 4+, 62196 034,5;91,

∂Ω12
/,-9594037 4+,

4L2 -+9/,/ 3,,< 42 >, 123/0<,5,< F
3.2.1. Local continuity conditions on ∂Ω12.j4 4+, -25, /196, H 4+, 034,5;91, /,-9594037 23, i:0< -941+

;528 4+, 3,I4 0/ 9 /,50,/ 2; 8 ,30/100 F � 2:7+3,// 23 4+, 75903
/:5;91,/ =,,-/ 4+, 1234914 603,/ 2; 4+,/, 8 ,30/100 - 033,< 42
4+, 75903 /:5;91,/ F 	 g]Zd XYZ c fd\\b� UB^^^h 957:, 4+94 4+,
1234914 603,/ 2; 93 905@L94,5 8 ,30/1:/ L 066 5,8 903 -033,<
;25 i:0<@-5,//:5, 1+937,/ 6,// 4+93 52:7+6.

104 P9 H L+01+
1255,/-23</ 42 4+, -5,//:5, 5937, 03<:1,< >. 603,95 /,0/8 01
L9J,/ F O2 9/ 9 L9J, -9//,/ H 4+, 8 ,30/100 L 066 >:67, 93<
1+937, /+9-, >:4 L 066 324 8 07594, 9L9.F *+0/ 8 9=,/ 4+,
-52>6,8 8:1+ /08-6,5 42 9396.D, F�3, -252:/@123403::8 >2:3<95. 123<04023 0/ 4+94 966
i: 0< J26:8 , 4+94 621966. ,34,5/ 4+, 034,5;91,

∂Ω12
;528

23, /0<, H 8:/4 ,I 04 4+, 24+,5 /0<, /2 4+94
n · Q1 = n · Q2A

= n · QE F j324+,5 >2:3<95. 123<04023 0/ 4+94 4+, <0R,5@
,31, 03 4+, 594, 94 L+01+ ,3,57. 0/ ,34,5037 93< 6,9J037 4+,
034,5;91, 0/ ,3405,6. <:, 42 4+, L25= -,5;258 ,< 03 1+937@
037 4+, 8 030/100 /:5;91, 95,9 F �,;25, 4+, L9J, 9550J,/ H ,91+

8 030/1:/ +9/ 9 8 ,93 1:5J94:5,
Ho

KI,< >. 4+, /49401 i:0<
-5,//:5,/ 03 040966. -5,/,34 � po

f1 − po
f2 = σHo

H L+,5,
σ

0/ 4+,
/:5;91, 4,3/023 F �:5037 L9J, -9//97, H 23, 193 <,823/4594,
U	 g]Zd XYZ c fd\\b�H B^^^h 4+94 4+, 8 ,93 1:5J94:5, 1+937,/
9/

H = Ho + εH1 + O(ε2)
H L+,5,

H1
0/ 2; 4+, /98 , 25<,5 9/

Ho
H 93< L+,5,

ε
0/ 9 <08 ,3/023 6,// 3:8>,5 1966,< 4+, 19-@

06695. 3:8>,5 F *+, 19-06695. 3:8>,5 0/ <,K3,<
ε = η|Q|/σ

H
L+,5, |Q| 0/ /28 , ,/408 94, 2; 4+, L9J,@03<:1,< � 951. i:I
93< 4+94 0/ 4+:/ >2:3<,< >. 4+, L9J, /45903 408 ,/ -+9/,
J,62104. � 0 F, FH |Q| < 10−3 8�/ F M25 4.-0196 034,5;91,/ A60=,
905 93< L94,5E H L, +9J,

σ > 10−2 P9·8 93<
η ≈ 10−3 P9·/ FM25 603,95 L9J, -52>6,8 / H

ε � 10−4 93< H 4+:/ H
ε

193 >,
123/0<,5,< 9 J,5. /8 966 3:8>,5 F

�. L504037 4+, i:0< -5,//:5,/ 9/
pfi = po

fi + δpfi
93<

:/037 4+, ;914 4+94
n · Q 0/ 123403:2:/ H 4+, 123/,5J94023 2;

,3,57. 94 4+, 034,5;91, 8 9. >, ,I-5,//,< 9/
ˆ

n ·
˘

τi · u̇i − (po
fi + δpfi)Q

¯˜

= σn · QHo[1 + O(ε)].
A~^E

*+, >591=,4/ 23 4+, 6,;4@+93< /0<, <,324, 4+, �:8- 03 ,3@
,57. i:I 9152// 4+, 034,5;91, H L+06, 4+, 507+4@+93< /0<, 5,-@
5,/,34/ 4+, 594, 94 L+01+ L25= 0/ - ,5;258 ,< 03 /45,41+ 037 4+,
8 ,30/100 F O031, 123/,5J94023 2; 8 28,34:8 5,?:05,/

n · τ 42
> , 123403:2:/ 94 4+, 034,5;91, 93< /031, 4+, 9//:8-4023 2;
4+, 75903/ > ,037 L,6<,< 427,4+,5 U25 +9J037 93 2J,5>:5<,3
,R,140J, -5,//:5,

(1− φ)(ρs − ρf )gh
914037 23 4+,8 4+94 0/

75,94,5 4+93 4+, L9J, /45,//h 5,?:05,/ 4+94
u̇

0/ 123403:2:/ H
L, K3< H 42 6,9<037 25<,5 03

ε
H 4+94

δpf1 = δpf2
A��E

96237 4+, 034,5;91,
∂Ω12

F *+0/ 8 ,93/ 4+94 4+, i:0<
-5,//:5, ,?:060>594023 193 >, 82<,6,< :/037 4+, /493<95<
<0/-691,8 ,34@/45,// 123403:04. 123<04023/ 96237

∂Ω12
4+94

L,5, 96/2 ,8-62.,< 03 4+, <2:>6,@-252/04. 9396./0/ � 0 F, FH 19-@06695. ,R,14/ 193 >, 3,76,14,< F G3 L+94 ;2662L / H 4+, i:0<
-5,//:5,/ 1255,/-23< 42 4+, 1+937,/ 03<:1,< >. 4+, L9J,
93< /2 L, 1,9/, 42 L504, 4+, S

δ
T ,I-601046. 03 ;5234 2; 4+,8 F

3.2.2. Mesoscopic flow equations.*2 2>4903 4+, 4593/-254 69L −iωζint = γ(ω)(pf1 − pf2)
H

4+, 8 ,/2/12-01 i2L 0/ 9396.D,< 03 4+, 608 04/ 2; 62L 93<
+07+ ;5,?:,310,/ F *+,/, 608 04/ 95, 4+,3 1233,14,< :/037 9
;5,?:,31. ;:314023 4+94 5,/- ,14/ 19:/9604. 123/459034/ F *+,
603,95 i:0< 5,/-23/, 03/0<, 4+, -941+. 128-2/04, <:, 42 9
/,0/8 01 L9J, 193 96L9./ > , 5,/26J,< 0342 4L2 -254023/ � ABE 9
J,1425096 5,/-23/, <:, 42 8 9152/12-01 i:0<@-5,//:5, 759<0@
,34/ 9152// 93 9J,597037 J26:8 , 4+94 7,3,594, 9 8 9152/12-01
� 951. i:I

qi
9152// ,91+ -+9/, 93< 4+94 1255,/-23</ 42 4+,

8 9152/12-01 123<04023/
pfi = 0

93< ∇pfi 6= 0 � 93< A�E 9
/19695 5,/-23/, 9//21094,< L 04+ 034,5396 i:0< 4593/;,5 93<
4+94 1255,/-23</ 42 4+, 8 9152/12-01 123<04023/

pfi 6= 0
93<

∇pfi = 0
F *+, 8 9152/12-01 0/2452-. 2; 4+, 128-2/04, 7:95@

934,,/ 4+94 4+,5, 0/ 32 152//@12:-6037 >,4L,,3 4+, J,1425096
4593/-254

qi
93< 4+, /19695 4593/-254

ζ̇int
L 04+ 03 ,91+ /98-6,

ASk:50, �/ -50310- 6,T L+01+ 0/ H 03 ;914 H 9 4+,25,8 � 1 F; FH Zd�gbba
XYZ � X�Wg UB^_�hE F*+, 8 ,/2/12-01 i2L -52>6,8 4+94 <,K3,/

ζ̇int
0/ 4+, 034,5@

396 ,?:060>594023 2; i:0< -5,//:5, > ,4L,,3 4+, -941+,/ L+,3
9 123K3037 -5,//:5,

∆P
+9/ > ,,3 9--60,< 42 9 /,96,< /98 @

-6, 2; 4+, 128-2/04, F C9J037 4+, ,I4,5396 /:5;91, /,96,<
0/ ,?:0J96,34 42 4+, 5,?:05,< 8 9152/12-01 123/459034 4+94
∇pfi = 0

F �-23 49= 037 4+, <0J,57,31, 2; A�E 93< :/037 ,?:9@
4023 A�E H 4+, <0R:/023 -52>6,8 1234526037 4+, 8 ,/2/12-01
i2L >,128 ,/

k

ηi
∇2pfi + iω

α

KBi
pfi = iω

α

K
pci

03
Ωi,

A� BE
[pfi]

93<
[n · ∇pfi] = 0

23
∂Ω12,

A��E
n · ∇pfi = 0

23
∂Ei,

A��E
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L+,5,
Ωi

0/ 4+, 5,7023 4+94 ,91+ -+9/, 211:-0,/ L 04+03 4+,
9J,597037 J26:8 , H

∂Ei
0/ 4+94 -254023 2; 4+, ,I4,5396 /:5@

;91, 2; 4+, 9J,597037 J26:8 , 4+94 0/ 03 1234914 L 04+ -+9/,
i
H

93< 4+, >591=,4/ 03 ,?:94023 A��E 97903 <,324, �:8-/ 9152//
4+, 034,5;91, F �3, 96/2 3,,</ 42 03/,54 ,?:94023/ A�E 93< A�E0342 ABE 42 2>4903 9 /,123<@25<,5 -954096@<0R,5,34096 ,?:9@
4023 ;25 4+, <0/- 691,8 ,34/

ui
F G3 7,3,596 H 4+, 62196 123K3037

-5,//:5,/
pci

95, <,4,58 03,< :/037

pci = −K∇ · ui + αpfi,
A�� E

231, 4+, <0/-691,8 ,34/
ui

95, =32L3 F
3.2.3. Low-frequency limit of γ(ω).j/

ω → 0
H L, 193 5,-5,/,34 4+, 62196 K,6</ 9/ - ,54:5>9@

4023 ,I-93/023/ 03 4+, /8 966 -9598 ,4,5 −iω

pfi = p
(0)
fi − iωp

(1)
fi + O(ω2),

A�~E
pci = p

(0)
ci − iωp

(1)
ci + O(ω2),

A��E
93< ,?:0J96,346. ;25

ui
F *+, D,524+@25<,5 5,/-23/, 1255,@

/-23</ 42 :30;258 i:0< -5,//:5, 03 4+, -25,/ 93< 0/ 4+,5,;25,
70J,3 >.

p
(0)
c1 = p

(0)
c2 = ∆P

93<

p
(0)
fi

∆P
= Bo = − a12 + a13

a22 + 2a23 + a33
=

1

v1/B1 + v2/B2
,

A�}E

L+,5, 4+, -941+.@/94:594023
aij

+9J, >,,3 ,8-62.,< F *+,
;914 4+94 4+, ?:9/0@/49401 O=,8-423 �/ 12,� 10,34 03 4+,
-941+.@/94:594023 82<,6 0/ ,I9146. 4+, +9582301 9J,597,
2; 4+, 123/404:,34/

Bi
0/ ,?:0J96,34 42 /9. 037 4+94 94 62L;5,?:,310,/ H 4+, i:0< >:6= 82<:6:/ 0/ 70J,3 >.

1/Kf =
v1/Kf1 + v2/Kf2

F *+, ?:9/0@/49401 5,/-23/, 0/ 4+:/ 128 @
-6,4,6. 03<,-,3<,34 2; 4+, /-94096 7,28 ,45. 2; 4+, i:0<
-941+,/ � 04 <,- ,3</ 236. 23 4+, J26:8 , ;5914023/ 211:-0,<
>. 4+, -941+,/ F

*+, 6,9<037 25<,5 1255,14023 42 :30;258 i:0< -5,//:5, 0/
4+,3 12345266,< >. 4+, >2:3<95.@J96:, -52>6,8

Kk

αη1
∇2p

(1)
f2 =

η2

η1

„

1 − Bo

B2

«

∆P
03

Ω2,
A�_E

Kk

αη1
∇2p

(1)
f1 =

„

1 − Bo

B1

«

∆P
03

Ω1,
A�^E

p
(1)
f1 = p

(1)
f2

23
∂Ω12,

A}�E
n · ∇p

(1)
f2 =

η2

η1
n · ∇p

(1)
f1

23
∂Ω12,

A} BE

n · ∇p
(1)
fi = 0

23
∂Ei.

A}�E
G4 0/ 32L 9//:8 ,< 4+94 ;25 -941+.@/94:594023 19/,/ 2; 034,5,/4
A905�L94,5 25 L94,5�206E H 4+, 59402

η2/η1
193 >, 123/0<,5,<

/8 966 F *2 6,9<037 25<,5 03
η2/η1

H ,?:94023/ A�_E H A}BE H 93<
A}�E 5,?:05, 4+94

p
(1)
f2 (r) = p

(1)
f2

A9 /-94096 123/4934E F *+,
i:0< -5,//:5, 03 -+9/, B 0/ 32L 5,L5044,3 9/

p
(1)
f1 (r) = p

(1)
f2 − η1α

kK

„

1 − Bo

B1

«

∆PΦ1(r),
A}�E

L+,5, H ;528 ,?:94023/ A�^E H A}�E 93< A}�E 93< 42 6,9<037
25<,5 03

η2/η1
H 4+, -24,34096

Φ1
0/ 4+, /26:4023 2; 4+, /98 ,

,660-401 >2:3<95.@J96:, -52>6,8 A�_E� A��E 70J,3 ,9560,5 F
�-23 9J,597037 A}�E 2J,5 966 2;

Ω1
H 4+, 6,9<037 25<,5 03

−iω
<0R,5,31, 03 4+, 9J,597, i:0< -5,//:5,/ 193 >, L5044,3

pf1 − pf2

∆P
= −iω

 

p
(1)
f1 − p

(1)
f2

∆P

!

= iω
η1α

kK

„

1 − Bo

B1

«

L2
1,

A}� E
L+,5,

L1
0/ 97903 4+, 6,374+ <,K3,< >. ,?:94023 A�}E F

*2 1233,14 4+0/ i:0<@-5,//:5, <0R,5,31, 42 4+, 0315,8 ,34
ζ̇int

H L, :/, 4+, <0J,57,31, 4+,25,8 93< 4+, 32@i2L >2:3<@
95. 123<04023 23

∂Ei
42 L504, ,?:94023 A~_E 9/

−iωζint =
iω

V

k

η

Z

∂Ω12

n · ∇p
(1)
f1 dS = iωv1

α

K

„

1 − Bo

B1

«

∆P.
A}~E

� ,- 691037
∆P L 04+

pf1 −pf2

:/037 ,?:94023 A}�E 4+,3 70J,/
4+, <,/05,< 69L −iωζint = γp(pf1 − pf2)

L 04+

γp =
v1k

η1L2
1

»

1 + O

„

η2

η1

«–

,
A}�E

> ,037 4+, 62L @;5,?:,31. 608 04 2; 034,5,/4 F
3.2.4. High-frequency limit of γ(ω).G4 +9/ 965,9<. >,,3 1288,34,< 4+94 03 4+, ,I45,8 , +07+@

;5,?:,31. 608 04 L+,5, ,91+ -941+ >,+9J,/ 9/ 0; 04 L,5, /,96,<
42 i2L A

ζ̇int = 0E H L, 9//:8 , +,5, 4+94 H 42 9 J,5. 722< 9-@
-52I 08 94023 H 4+, 4+,25. 2; { ]f f UB^��h 9--60,/ F C 066 �/ L25=
<,823/4594,/ H 98 237 24+,5 4+037/ H 4+94 L+,3 ,91+ 0/2452- 01
-941+ +9/ 4+, /98 , /+,95 82<:6:/ H 4+, J26:8 ,4501 <,;25@
8 94023 L 04+ 03 ,91+ -941+ 0/ 9 /-94096 123/4934 F *+, i:0<
-5,//:5, 5,/-23/, 03 4+ 0/ 608 04

p∞

fi

0/ 4+:/ 9 :30;258 /-9@
4096 123/4934 4+52:7+2:4 ,91+ -+9/, ,I1,-4 03 9 J930/+ 0376.
/8 966 3,07+>25+22< 2; 4+, 034,5;91,

∂Ω12
L+,5, ,?:060>59@

4023 0/ 944,8-4037 42 49=, -691, F *+, /8 966 982:34 2; i:0<@
-5,//:5, - ,3,4594023 4+94 0/ 211:5037 9152//

∂Ω12
193 >,

621966. 82<,6,< 9/ 9 23,@<08 ,3/02396 -521,// 3258 96 42 4+,
034,5;91, F
� /037 4+, 1225<0394,

x
42 8 ,9/:5, 603,95 <0/4931, 3258 96

42 4+, 034,5;91, A93< 0342 -+9/, BE H 23, +9/ 4+94 ,?:94023
A�BE 0/ /940/K,< >. U �beY|bYH ��� Bh

pf1 = p∞

f1 + C1e
i
√

iω/D1 x,
A}}E

pf2 = p∞

f2 + C2e
−i
√

iω/D1 x,
A}_E

L+,5, 4+, <0R:/0J040,/ 95, <,K3,<
Di = kKBi/(ηiα)

F *+,
123/4934/

Ci
95, ;2:3< ;528 4+, 123403:04. 123<04023/ A��E42 > ,

C1 =
−1

1 +
p

η2B2/(η1B1)
(p∞

f1 − p∞

f2),
A}^E

C2 =

p

η2B2/(η1B1)

1 +
p

η2B2/(η1B1)
(p∞

f1 − p∞

f2).
A_�E

j 64+2:7+ 324 914:966. 3,,<,< +,5, H L, +9J, 4+94
p∞

fi =
Bipci

H L+,5, 4+, :30;258 123K3037 -5,//:5, 2; ,91+ -941+ 0/
70J,3 >. ,?:94023/ A�~E 93< A��E H /2 4+94 4+, i:0< -5,//:5,
<0R,5,31, > ,4L,,3 4+, -+9/,/ 72,/ 9/

p∞

f1 − p∞

f2

∆P
=

B1 − B2

1 − β(B1/v1 + B2/v2)
.

A_ BE

*+0/ ,?:94023 0/ ,I9146. 4+, <0R,5,31, > ,4L,,3 ,?:94023/
A~~E 93< A~�E F �,19:/, 4+, -,3,4594023 <0/4931, p

Di/ωJ930/+,/ 94 + 07+@;5,?:,310,/ H L, 8 9. /494, 4+94 42 6,9<037
25<,5 03 4+, +07+@;5,?:,31. 608 04 H

pf1 − pf2 = p∞

f1 − p∞

f2

F
*2 2>4903 4+, +07+@;5,?:,31. 608 04 2; 4+, 4593/-254 12,;@

K10,34
γ(ω)

H L, :/, 4+, <,K304023 A~_E 2; 4+, 034,5396 4593/@
-254 A324, 4+94 −n · ∇pf1 = ∂pf1/∂xE

−iωζint =
1

V

k

η1

Z

∂Ω12

∂pf1

∂x
dS

A_�E

96237 L 04+ ,?:94023/ A}}E 93< A}^E F *+, 5,/:64 0/

γ(ω) ∼ i3/2√ω
S

V

 

p

kα/(η1B1K)

1 +
p

η2B2/(η1B1)

!

A_�E
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9/
ω → ∞ F C ,5, H

S
0/ 97903 4+, 95,9 2;

∂Ω12
1234903,<

L 04+03 9 J26:8 ,
V

2; 4+, -941+. 128-2/04, F
3.2.5. Full-model for γ(ω).*+, +07+@ 93< 62L @;5,?:,31. 608 04/ 2;

γ
95, 4+,3 123@

3,14,< >. 9 /08-6, ;5,?:,31. ;:314023 42 2>4903 4+, K396
8 2<,6

γ(ω) = γp

p

1 − iω/ωp,
A_� E

L+,5, 4+, 4593/04023 ;5,?:,31.
ωp

0/ <,K3,<

ωp =
B1K

η1α

k(v1V/S)2

L4
1

„

1 +

r

η2B2

η1B1

«2

,
A_~E

93< L+,5,
γp = v1k/(η1L

2
1)

F 
?:94023 A_�E +9/ �:/4 23,
/037:69504. A9 >5931+ -2034E 94

ω = −iωp
F k9:/9604. 5,@

?:05,/ 4+94 L 04+ 93
e−iωt 408 , <,-,3<,31, H 966 /037:695040,/

93< D,52,/ 2; 9 4593/-254 12,� 10,34 60=,
γ(ω)

8:/4 5,/0<, 03
4+, 62L,5@+96; 128-6,I

ω
-693, F 
?:94023 A_�E /940/K,/ 4+ 0/

-+./01966. 08-254934 123/459034 F

3.3. Patchy-Saturation Modeling Choices
*2 :/, 4+, -941+.@/94:594023 82<,6 H 9--52-5094, J96:,/

;25 4+, 4L2 7,28 ,4501 4,58 /
L1

93<
V/S

8:/4 >, /- ,10K,< F
G88 0/10> 6, i:0< <0/450>:4023/ 03 4+, ,954+ +9J, J,5. 128-60@
194,< 7,28 ,450,/ /031, 4+,. 950/, ;528 /62L i2L 4+94 2;4,3
-52<:1,/ ;591496 -941+ <0/450>:4023/ F G3 -95401: 695 H 9396.40@
196 /26:4023/ 2; 4+, >2:3<95.@J96:, -52>6,8 A�_E� A��E 4+94
<,K3,/

L1
;25 /:1+ 5,96@,954+ /04:94023/ 95, 08-2//0> 6, F � ,@

1966 4+94
L1

0/ 9 1+95914,50/401 6,374+ 2; -+9/, B A4+, -+9/,
+9J037 4+, /8 966,5 i:0< 82>0604.

k/ηE 4+94 <,K3,/ 4+, <0/@
4931, 2J,5 L+01+ 4+, i:0<@-5,//:5, 759<0,34 0/ <,K3,< <:5037
4+, K396 /497,/ 2; ,?:060>594023 F M25 128-60194,< 7,28 ,450,/
04 8 9. ,04+,5 > , 3:8,501966. <,4,58 03,< H 45,94,< 9/ 9 4957,4
-9598 ,4,5 ;25 9 ;: 66@L9J,;258 03J,5/023 2; /,0/8 01 <949 H 25
/08-6. ,/408 94,< ?:9604940J,6.F G3 4+, 3:8,50196 ,I98-6,/
4+94 ;2662L H L, L 066 9//:8 , A;25 123J,30,31,E 4+94 4+, 03<0@
J 0<:96 -941+,/ 1255,/-23< 42 <0/1233,14,< /-+,5,/ ;25 L+01+
/08-6, 9396.40196 5,/: 64/ 95, 9J9069> 6, ;25

L1
93<

V/S
F

G; L, 123/0<,5 -+9/, � A-252:/ 123403::8 /94:594,< >.
4+, 6,// J0/12:/ i:0<E 42 > , 03 4+, ;258 2; /-+,5,/ 2; 59@
<0:/

a
,8>,<<,< L 04+ 03 ,91+ 59<0:/

R
/-+,5, 2; 4+, 4L2@

-+9/, 128-2/04, H 4+,3
v2 = (a/R)3

H
V/S = av2/3

H 93<
L2

1 = 9v
−2/3
2 a2/14[1 − 7v

1/3
2 /6]

F *+0/ 8 2<,6 0/ -95401:@
6956. 9--52-5094, L+,3

v2 � v1
F O031, 4+, i:0< � -941+,/

95, <0/1233,14,< H 4+, <,K304023/ ABBE� AB�E 2; 4+, ,R,140J,
-252,69/401 8 2<:60 97903 +26< F M:54+,5825, H i:0< � 8 9. >,
49=,3 42 >, 0882>06, 5,6940J, 42 4+, ;598 ,L25= 2; 75903/
03 4+, L9J,6,374+@/196, � 024 ,?:060>594023 H /2 4+94 4+, 03@
,54096 -52- ,540,/ 2; ,?:94023/ A��E 93< A�~E 95, 0<,340K,<
9/

ρf = ρf1
H

ρ = (1 − φ)ρs + φ(v1ρf1 + v2ρf2)
H 93<

ρ̃ = −η1/(iωk)
F

G3 /04:94023/ L+,5, 04 0/ 8 25, 9--52-5094, 42 45,94 i:0<
B A4+, 825, J0/12:/ i:0<E 9/ 211:-037 <0/1233,14,< -941+,/
A, F7 FH L+,3

v1 � v2
E H 4+, ,R,140J, -252,69/401 8 2<:60 95,

<,K3,< >. 034,51+937037 � 93< � 03 4+, /:>/150-4/ 2; ,?:9@
4023/ ABBE� AB�E F j7903 9//:8 037 4+, -+9/,@ B -941+,/ 42 > ,
/-+,5,/ 2; 59<0:/

a
,8>,<<,< L 04+ 03 59<0:/

R
/-+,5, 2;

4+, 4L2@-+9/, 128-2/04, H L, +9J, 4+94
v1 = (a/R)3

93<
V/S = av1/3

F *+, ,660-401 >2:3<95.@J96:, -52>6,8 A�_E�A��E 193 >, /26J,< 03 4+0/ 19/, 42 70J,
L2

1 = a2/15
F M:54+,5@

8 25, H 4+, ,R,140J, 03,54096 12,� 10,34/ 03 4+, � 024 4+,25.
95, <,K3,<

ρf = ρf2
H
ρ = (1− φ)ρs + φ(v1ρf1 + v2ρf2)

H 93<
ρ̃ = −η2/(iωk)

F
G3 /04:94023/ L+,5, >24+ -+9/,/ ;258 123403:2:/ -94+/

9152// ,91+ 9J,597037 J26:8 , H 04 0/ > ,/4 42 <,4,5@
8 03, 4+, 944,3:94023 93< -+9/, J,62104. >. /,,= 037 4+,
-693, 6237404:<0396@L9J, /26:4023 2; 323@5,<:1,< S<2:>6,@
-252/04.T 72J,53 037 ,?:94023/ 2; 4+, ;258 A�E� AB�E F C2L@
,J,5 H 4+ 0/ 9--5291+ 0/ 324 -:5/:,< +,5, F �, 12316:<, >.

6

8

10

12

14

R
e 

{K
_U

} 
(G

Pa
)
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10
-1
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0

10
1

10
2

10
3

10
4

10
5

frequency (Hz)

10
-3

10
-2

10
-1

1/
Q

k

������ � � *+, :3<5903,< >:6= 82<:6:/
KU (ω)

03 >24+
4+, -941+.@/94:594023 82<,6 -5,/,34,< 03 4+ 0/ 954016, 93<
4+, 82<,6 2; �beY|bY U��� Bh F *+, 42- 759-+ 0/

Re{KU}L+06, 4+, >24428 759-+ 0/
Q−1

K = −2Im{KU}/Re{KU} F*+, -+./0196 8 2<,6 0/ B� 18 /-+,50196 905 -21=,4/ ,8>,<@
<,< L 04+ 03 9 L94,5@/94:594,< 5,7023 F *+, J26:8 , ;5914023
2; 79/ /94:594,< 521= 0/ �� 03 4+0/ ,I98-6, F *+, -52-@
,540,/ 2; 4+, 521= 1255,/-23< 42 9 B�� 8� 123/260<94,<
/93</423, F

324037 4+94 H 0; 4+, ,8>,<<,< i:0< 0/ ;5914966. <0/450>:4,< H
4+, 6,374+/

L1
L 066 5,8 903 K304, L+06,

(V/S)/L1 → 0
9/ 4+,

;591496 /:5;91, 95,9
S

>,128 ,/ 6957, A+2L,J,5 H
V/S

3,J,5
5,91+,/ D,52 > ,19:/, 4+, ;59149604. +9/ 9 /8 966@/196, 1:42R
KI,< >. 4+, 75903 /0D, 2; 4+, 8 94,5096E F

3.4. Numerical Examples
G3 K7:5, � H L, 128-95, 4+, �beY|bY U��� Bh -5,<014023 2;

KU
42 2:5 2L3 ;25 9 123/260<94,< /93</423, A;598 , -52-@

,540,/ 9/ <,4,58 03,< 03 4+, 9--,3<0I L 04+
k = 100

8� H
c = 10

H
φ = 0.20E 03 L+01+ -+9/, B 0/ /94:594,< L 04+ L9@

4,5 93< -+9/, � 0/ 49=,3 42 >, /-+,50196 5,7023/ /94:594,<
L 04+ 905 F *+, 4L2 ,/408 94,/ +9J, 0<,340196 9/.8-42401 <,@
- ,3<,31, 03 >24+ 4+, 608 04/ 2; +07+ 93< 62L ;5,?:,310,/ F G3
4+, 152//@2J,5 5937, H 4+, -+./01/ 0/ 324 -5,10/,6. 82<,6,< 03
,04+,5 9--5291+ F C2L,J,5 H ,J,3 03 4+, 152//@2J,5 5937, H 4+,
<0R,5,31,/ 03 4+, 4L2 82<,6/ 0/ /607+4 F

M 07:5, ~ 70J,/ 4+, P@L9J, J,62104. 93< 944,3:94023 ;25 9
82<,6 03 L+01+ 4+, ;598 , -52-,540,/ 1255,/-23< 42

k = 108� H
c = 15

H 93<
φ = 0.15

F P+9/, � 0/ /94:594,< >. 905
93< 0/ 49=,3 42 >, 0/2694,< /-+,5,/ 2; 59<0:/

a = 1
18 F

P+9/, B 0/ /94:594,< L 04+ L94,5 F *+, J26:8 , ;5914023
v2211:-0,< >. 4+,/, B 18 /-+,5,/ 2; 79/ 0/ 9/ /+2L3 03 4+, K7@

:5, F 
J,3 403. 982:34/ 2; 79/ /94:594023 .0,6< 594+,5 6957,
982:34/ 2; 944,3:94023 93< <0/- ,5/023 � .,4 4+,/, -5,<014023/
95, 123/0/4,34 L 04+ 4+, 8 97304:<,/ 2; 2>/,5J,< 944,3:94023
93< <0/- ,5/023 03 521=/ F

4. Squirt-Flow Model
�9>259425. /98-6,/ 2; 123/260<94,< 521= 2;4,3 +9J, >52@

=,3 75903 1234914/ 93<�25 8 01521591=/ 03 4+, 75903/ F Q:1+
2; 4+ 0/ <98 97, -5,/:8 9>6. 211:5/ 9/ 4+, 521= 0/ >52:7+4
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0
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1

10
2

10
3

10
4

10
5

10
6

frequency (Hz)

10
-4

10
-3

10
-2

10
-1

1/
Q

p

v2 = 0.00013
v2 = 0.001
v2 = 0.008
v2 = 0.037
v2 = 0.17

������ � � *+, P@L9J, J,62104. 93< 944,3:94023 2;
9 /93</423, /94:594,< L 04+ L94,5 93< 1234903 037 /8 966
/-+,50196 - 21=,4/ 2; 79/ +9J037 59<0:/ B 18 93< 211:-.@
037 9 ;5914023 2; 4+, J26:8 ,

v2
9/ /+2L3 F

;528 <,-4+ 42 4+, /:5;91, F O031, <097,3,401 -521,//,/ 03 9
/,<08 ,3495. >9/03 4,3< 42 1,8 ,34 8 01521591=/ 93< 75903
1234914/ H 04 0/ :31,54903 L+,4+,5 ]Y |]aW 521=/ +9J, /07@
3 0K1934 3:8>,5/ 2; 2- ,3 8 01521591=/ F � 23,4+,6,// H L+,3
/:1+ 75903@/196, <98 97, 0/ -5,/,34 H 9/ 04 96L9./ 0/ 03 69>2@
59425. 521= /98-6,/ 94 98>0,34 -5,//:5,/ H 4+, i:0<@-5,//:5,
5,/-23/, 03 4+, 8 01521591=/ L 066 > , 75,94,5 4+93 03 4+, -503@
10-96 -25,/-91, L+,3 4+, 521= 0/ 128-5,//,< >. 9 P@L9J, F
*+, 5,/:64037 i2L ;528 1591= 42 -25, 0/ 1966,< S/?:054 i2L T
U, F7 FH � X�\b XYZ �WgH B^}~h F

G3 4+, /?:054 8 2<,6 2; � �bg\ ]Y da Xf� UB^^~h H 4+, 75903/ 2;
9 -252:/ 8 94,5096 95, 4+,8 /,6J,/ 9662L,< 42 +9J, -252/04.
03 4+, ;258 2; 8 01521591=/ F *+, ,R,14 2; ,91+ >52=,3 75903
1234914 0/ 49=,3 9/ ,?:0J96,34 42 9 8 01521591= 03 9 75903 F
*+, 3:8>,5 2; /:1+ 8 01521591=/ - ,5 75903 0/ 4+:/ 608 04,<
>. 4+, 1225<0394023 3:8>,5 2; 4+, -91=037 93< /2 4+, 42@
496 - 252/04. 123450>:4023 128 037 ;528 4+, 75903/ 0/ 96L9./
3,76070>6, 128-95,< 42 4+, -252/04. 2; 4+, 8 903 -25,/-91, F

*+, 75903 /-91, 03 4+, � �bg\ ]Y da Xf� UB^^~h 8 2<,6 0/
49=,3 42 >, 9 /-940966. :30;258 -252:/ 123403::8 F *+,/,
9:4+25/ -52J0<, 93 9--52I 08 94, 9396./0/ 2; 4+,05 8 2<,6 03
L+01+ 4+, 4,58 / 4+94 95, 6,;4 2:4 2; 4+, >:6=@8 2<:6:/ <0/@
- ,5/023 95, 9/ 6957, 9/ 4+, <0/- ,5/023 04/,6; F G3 4+, -5,/,34
/,14023 H L, :/, 4+, <2:>6,@-252/04. ;598 ,L25= 42 9396.D,4+, � �bg\ ]Y da Xf� UB^^~h /?:054 8 2<,6 L 04+ 4+, 7296 2; 2>@
4903 037 ,I914 5,/: 64/ 94 >24+ 62L 93< +07+ ;5,?:,310,/ F j /
03 4+, -5,J 02:/ 4L2 /,14023/ H 2:5 ,I914 608 04/ 95, 9--52I 0@
8 94,6. 1233,14,< >. 9 19:/96 ;5,?:,31. ;:314023 1234903037
9 5,69I94023 ;5,?:,31. 9--52-5094, ;25 9 75903 /-91, 2; 95>0@
4595. 7,28 ,45.F

P+9/, B 0/ 32L <,K3,< 42 >, 4+, -:5, i:0< L 04+ 03 4+,
8 903 -25,/-91, 2; 9 /98-6, 93< 0/ 1+95914,50D,< ,69/401966.
>. 4+, /0376, 8 2<:6:/

Kf
Ai:0< >:6= 82<:6:/E F P+9/, � 0/

49=,3 42 >, 4+, -252:/ A0 F, FH 1591=,<E 75903/ 93< 1+95914,5@
0D,< >. 4+, -252,69/401 123/4934/

Kd
2

A4+, <5903,< 82<:6:/
2; 93 0/2694,< -252:/ 75903 E H α2

A4+, � 024@� 0660/ 123/4934
2; 93 0/2694,< 75903 E H 93<

B2
AO=,8-423 �/ 12,� 10,34 2; 93

0/2694,< 75903 E 9/ L,66 9/ >. 9 -,58 ,9>0604.
k2

F *+, 2J,5@
966 128-2/04, 2; -252:/ 75903/ A-+9/, �E -91=,< 427,4+,5

L 04+ 03 4+, i:0< A-+9/, BE +9/ 4L2 <0/40314 -52-,540,/ 2; 04/
2L3 4+94 8:/4 > , /- ,10K,< � 93 2J,5966 <5903,< 82<:6:/

K
H

93< 93 2J,5966 - ,58 ,9>0604.
k

9//21094,< L 04+ i2L 4+52:7+
4+, 8 903 -25,/-91, F *+, J26:8 , ;5914023/ 211:-0,< >. ,91+
-+9/, 95, 97903 <,324,<

vi
L+,5,

v1 = φ
0/ 4+, -252/04.

9//21094,< L 04+ 4+, 8 903 -25,/-91, F
*+, 4+,25,40196 9--5291+ 0/ 42 2>4903 97903 4+, 9J,597,

i:0< 5,/-23/, 03 ,91+ 2; 4+,/, 4L2 -+9/,/ 93< 4+,3 42 8 9=,
93 ,R,140J, � 024 4+,25. >. /9. 037 4+94 4+, i:0< L 04+ 03 4+,
75903/ 193324 1288:30194, <05,146. L 04+ 4+, 2:4/0<, L256< �0 F, FH 4+, i:0< 03 4+, 75903/ 193 236. 1288:30194, L 04+ 4+,
8 903 -25,/ F 
?:94023/ ABBE� AB�E 97903 <,K3, 4+, ,R,140J,
-252,69/401 8 2<:60 03 4+, /?:054 8 2<,6 93< L, 3,,< 236. <,@
4,58 03, 4+,

aij
123/4934/ 93< 034,5396 4593/-254 12,� 10,34

γ(ω)
4+94 95, 9--52-5094, 42 /?:054 F

4.1. Squirt aij Coefficients
*2 2>4903 4+,

aij
12,� 10,34/ 03 4+, /?:054 8 2<,6 H L,

K5/4 324, 4+94 4+,/, 12,� 10,34/ 95, <,K3,< :3<,5 123<04023/
L+,5,

ζ̇int = 0
A32 i:0< -9//037 >,4L,,3 4+, -252:/ 75903/

93< 4+, -50310-96 -25, /-91,E F �3<,5 4+,/, 123<04023/ H 4+,
594, 2; i:0< <,-6,4023 ∇·q1

2; 9 /98-6, A594, 2; i:0< J26:8 ,
>,037 ,I45:<,< ;528 4+, -50310-96 -25, /-91, J09 4+, ,I4,5025
/98-6, /:5;91, 9/ 3258 960D,< >. 4+, /98-6, J26:8 ,E 0/ <:,
42 4+, <0R,5,31, > ,4L,,3 4+, 594, 2; <069494023 2; 4+, -503@
10-96 -25,/-91, A<,324,< +,5, 9/

ė1
E 93< 4+, 594, 94 L+01+

i:0< 03 4+, -25,/ 0/ <0694037 −ṗf1/Kf
F G; L, 96/2 - ,5;258 9

J26:8 , 9J,597, 2; ,?:94023 A�E 2J,5 4+, -252:/ 75903 /-91,
93< :/, 4+, 32494023 4+94

v2ė2 = ∇ · (v2u̇2)
L, 2>4903 4+,

;2662L 037 4+5,, ,?:94023/

−∇ · q1 = v1ė1 +
v1

Kf
ṗf1

A_�E

−∇ · q2 = −v2α2

Kd
2

ṗc2 +
v2α2

B2Kd
2

ṗf2

A_}E

−v2ė2 =
v2

Kd
2

ṗc2 −
v2α2

Kd
2

ṗf2.
A__E

*+, 8 9152/12-01 <069494023 2; 034,5,/4 0/ ∇·v = v1ė1 +v2ė2
F

G3 25<,5 42 2>4903 4+, 8 9152/12-01 128-5,//0> 0604. 69L / ;25
4+, -252:/@75903�-50310-96@- 25,/-91, 128-2/04, H L, 03452@
<:1, 603,95 5,/-23/, 69L / 2; 4+, ;258

ṗc2 = a1Ṗc + a2ṗf1 + a3ṗf2

A_^E
ė1 = b1Ṗc + b2ṗf1 + b3ṗf2

A^�E
L+,5, 4+,

ai
93<

bi
8:/4 >, ;2:3< F �, 324, 088,<094,6.

4+94 ;528 4+, <,K304023
Ṗ c = v1ṗf1 + v2ṗc2

23, +9/

0 = (1 − v2a1)Ṗc − (v1 + v2a2)ṗf1 − v2a3ṗf2,
A^ BE

L+01+ 8:/4 +26< 45:, ;25 93. J95094023 2; 4+, 03<,-,3<,34
-5,//:5, J9509>6,/ /2 4+94

a1 = 1/v2
H
a2 = −v1/v2

H
a3 = 0

F
*2 2>4903 4+,

bi
12,� 10,34/ H L, 32L 128>03, 4+, 5,/: 64/

9>2J, 0342 8 9152/12-01 69L /

−∇ · v =

»

−v1b1 +
1

Kd
2

–

Ṗc,

−
»

v1b2 +
v1

Kd
2

–

ṗf1 −
»

v1b3 +
v2α2

Kd
2

–

ṗf2,
A^�E

−∇ · q1 = v1b1Ṗc +

»

v1b2 +
v1

Kf

–

ṗf1 + v1b3ṗf2

A^�E

−∇ · q2 =
−α2

Kd
2

Ṗc +
v1α2

Kd
2

ṗf1 +
v2α2

Kd
2B2

ṗf2,
A^� E

93< :/, 4+, ;914 4+94 4+, 12,� 10,34/ 2; 4+, 8 9450I 8:/4 > ,
/.88,4501 A

aij = aji
E F � 04+

a11 = 1/K
1255,/-23<037 42
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4+, 2J,5966 <5903,< ;598 , 82<:6:/ 2; 4+, 128-2/04, A42 > ,
03<,-,3<,346. /- ,10K,<E H L, 2>4903

v1b1 = −(1/K −1/Kd
2 )

H
v1b2 = 1/K − (1 + v1)/Kd

2

H 93<
b3 = α2/Kd

2

F *+, K396
aij12,� 10,34/ 95, ,I9146.

a11 = 1/K
A^~E

a22 = 1/K − (1 + v1)/Kd
2 + v1/Kf

A^�E
a33 =

v2α2

B2Kd
2

A^}E

a12 = −1/K + 1/Kd
2

A^_E
a13 = −α2/Kd

2

A^^E
a23 = v1α2/Kd

2 .
AB��E

� ,9/239>6, 82<,6/ ;25
K

93<
Kd

2
L 066 > , <0/1://,< /+2546.F

4.2. Squirt Transport
�, 3,I4 8:/4 2>4903 4+, 12,� 10,34

γ(ω)
03 4+, 8 ,/2@

/12-01 4593/-254 69L −iωζint = γ(ω)(pf1 − pf2)
F j7903 H 4+,

9--5291+ 0/ 42 K5/4 2>4903 4+, 608 04037 >,+9J02:5 94 62L 93<
+07+ ;5,?:,310,/ 93< 4+,3 42 1233,14 4+, 4L2 608 04/ >. 9
/08-6, ;:314023 F

*+, i:0< 5,/-23/, 03 -+9/, B A4+, -50310-96 -25,/-91,E 0/
72J,53,< >. 4+, � 9J0,5@O42=,/ ,?:94023 −∇pf1 + η∇2v1 =
−iωρfv1

93< 4+, 128-5,//0> 0604. 69L Kf∇ · v1 = iωpf1L+,5,
v1

0/ 4+, 62196 i:0< J,62104. 03 4+, -25,/ F O031, ;25 966
;5,?:,310,/ 2; 034,5,/4 L, +9J, 4+94

ω � Kf/η
A324, 4+94

Kf/η ≈ 1012 /
−1 ;25 60?: 0</ 93<

1010 /
−1 ;25 79/,/E H 4+,

i:0< -5,//:5, 03 -+9/, B 0/ 72J,53,< >. 4+, L9J, ,?:94023

∇2pf1 + ω2 ρf

Kf
pf1 = 0,

AB�BE
93< H /031, 4+, 912:/401 L9J,6,374+ 03 4+, i:0< 0/ 96L9./
8:1+ 75,94,5 4+93 4+, 75903 /0D,/ H 4+, i:0< -5,//:5, 03 4+,
-50310-96 -25,/-91, /940/K,/

pf1(r) = pf1

A9 /-94096 123@
/4934E 94 966 ;5,?:,310,/ F

*+, ;21:/ H 4+,3 H 0/ 23 <,4,58 03 037 4+, i2L 93< i:0< -5,/@
/:5, L 04+03 4+, 1591=,< 75903/ A-+9/, �E 4+94 0/ 72J,53,< >.
4+, 62196 -252:/@123403::8 69L /

Q2 = −(k2/η)∇pf2
93<

k2

η
∇2pf2 + iω

α2

Kd
2B2

pf2 = −iω
α2

Kd
2

pc2,
AB��E

L+,5,
pc2 = −Kd

2∇·u2 +α2pf2
F *+0/ <,;258 94023 93< -5,/@

/:5, 1+937, 0/ ,I104,< >. 9--6. 037 9 :30;258 3258 96 /45,//
−∆Pn

42 4+, /:5;91, 2; 4+, 9J,597037 J26:8 , L 04+ 4+, i:0<
-5,//:5, /940/;. 037 4+, >2:3<95. 123<04023/

n · ∇pf2(r) = 023
∂E2

93<
pf2(r) = pf1

23
∂Ω12

F
4.2.1. Low-frequency limit of γ(ω)*+, i:0< -5,//:5, 93< 123K3037 -5,//:5, 03 4+, 75903/

193 97903 >, <,J,62- ,< 9/ 9 -2L,5 /,50,/ 03 −iω
U9/ 03

,?:94023/ A�~E� A��Eh F *+, D,52@25<,5 5,/-23/, 1255,/-23</
42 4+, /49401 608 04 03 L+01+ 4+, i:0< -5,//:5, 0/ ,J,5.@
L+,5, 4+, /98 , 93< 70J,3 >.

p
(0)
f2 = pf1 = Bo∆P L 04+

Bo = −(a12 + a13)/(a22 + 2a23 + a33)
93< L 04+ 4+,

aij
9/

70J,3 >. ,?:94023/ A^~E� AB��E F *+, <,4906,< 5,/: 64 ;25
Bo193 >, ,I-5,//,<

1/K − (1 − α2)/Kd
2

Bo
=

1

K
− (1 − α2)

Kd
2

+ v1

»

1

Kf
− (1 − α2)

Kd
2

–

+ v2
α2

Kd
2

»

1

B2
− 1

–

,
AB��E

L+01+ 5,<:1,/ 42 4+, /493<95< �9//8 933 ,I-5,//023 70J,3
03 4+, 9--,3<0I AL 04+ 9 42496 -252/04. 70J,3 >.

v1 + φ2v2
E H

L+,3
B2

93<
α2

95, 4+,8 /,6J,/ 70J,3 >. 4+, �9//8 933 ,I@
-5,//023/ F G3 4+ 0/ /98 , D,52@25<,5 608 04 H 4+, :3<5903,< >:6=
82<:6:/ 0/ <,K3,< 9/

1/Ku
o = a11 + (a12 + a13)Bo

H L+01+

96/2 5,<:1,/ 42 4+, /493<95< �9//8 933 ,I-5,//023 H L+,3
B293<

α2
95, 4+,8 /,6J,/ 70J,3 >. �9//8 933 ,I-5,//023/ F

*+, 1255,14023 42 :30;258 i2L -5,//:5, 4+94 0/ 6,9<037
25<,5 03 −iω

0/ 4+:/ 72J,53,< >. 4+, -52>6,8

∇2p
(1)
f2 =

ηα2

k2Kd
2

p
(0)
c2 ,

AB��E

n · ∇p
(1)
f2 = 0

23
∂E2,

AB�~E
p
(1)
f2 = 0

23
∂Ω12.

AB��E

C,5, H
p
(0)
c2

0/ 4+, 62196 123K3037 -5,//:5, 03 4+, 75903 /-91,
03 4+, /49401 608 04 4+94 193 >, L5044,3

p
(0)
c2 (r) = p

(0)
c2 +δP (r)

F
*+, 9J,597, /49401 123K3037 -5,//:5, 4+52:7+2:4 4+, 75903/
0/ <,4,58 03,< ;528 ,?:94023 A_�E L 04+

Pc = ∆P
93<

pf2 =
pf1 = Bo∆P

42 . 0,6<

p
(0)
c2 =

(1 − v1Bo)

v2
∆P.

AB�}E
*+, <,J094023/

δP (r)
4+:/ 034,7594, >. J26:8 , 42 D,52

δP = 0
93< 95, ;258 966. <,K3,<

δP (r) = −
„

1 − (v1 + v2α2)Bo

v2

«

∆P − Kd
2

α2
∇ · u(0)(r).

AB�_E*+, 62196 - ,54:5>94023/
δP (r)

95, 4+:/ +07+6. /,3/040J, 42
4+, <,4906,< 394:5, 2; 4+, 75903 -91= 037 93< 75903 7,28 ,45.F
M254:394,6.H 4+, <,4906/ 2; 4+,/, - ,54:5>94023/ <2 324 - 69.
93 08-254934 526, 03 4+, 4+,25.F

*+, i:0< -5,//:5, 03 4+, 75903/ 0/ 32L L5044,3 03 4+,
/196,< ;258

p
(1)
f2 (r) = −ηα2(1 − v1Bo)

v2k2Kd
s

∆P Φ(r),
AB�^E

L+,5, 4+, -24,34096
Φ(r)

0/ 03<,-,3<,34 2;
∆P

93< 0/ 9 /2@
6:4023 2; 4+, ,660-401 -52>6,8

∇2Φ(r) = −1 − v2

1 − v1Bo

δP (r)

∆P
,

ABB�E
n · ∇Φ = 0

23
∂E2,

ABBBE
Φ = 0

23
∂Ω12.

ABB�E
*2 6,9<037 25<,5 03 −iω

H 93 9J,597, 2; ,?:94023 AB�^E 70J,/

pf1 − pf2 = iωp
(1)
f2 + O(ω2)

ABB�E

= −iω
ηα2(1 − v1Bo)

v2k2Kd
s

L2
2∆P + O(ω2),

ABB�E

L+,5, 4+, /?:95,< 6,374+
L2

2

0/ <,K3,<

L2
2 = Φ = Φo

»

1 +
v2

1 − v1Bo

ΦoδP

Φo∆P

–

,
ABB~E

L 04+ 2J,5>95/ <,324037 J26:8 , 9J,597,/ 2J,5 4+, 75903 /-91,
93< L 04+ 4+, -24,34096

Φo
<,K3,< 9/ 4+, /26:4023 2;

∇2Φo = −1,
ABB�E

n · ∇Φo = 0
23

∂E2,
ABB}E

Φo = 0
23

∂Ω12.
ABB_E

j64+2:7+ 04 0/ 324 7,3,5966. 45:, 4+94
ΦoδP = 0

;25 966 75903
7,28 ,450,/ H L, 3,J,54+,6,// ,I-,14 4+ 0/ 034,7596 42 > , /8 966
03 7,3,596 > ,19:/,

Φo
0/ 9 /8 224+ ;:314023 93<

δP = 0
F *+,

62196 - ,54:5>94023/ 03 4+, /49401 123K3037 -5,//:5,
δP (r)

5,@
?:05, 9 /26:4023 2; 4+, /49401 <0/-691,8 ,34/ 4+52:7+2:4 4+,
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,3405, 75903 /-91,� 9 <9:34037 3:8,50196 49/= F � +,3,J,5
4+, 6,374+

L2
3,,</ 42 > , ,/408 94,< H /:1+ 9/ 03 4+, 3:8,5@

0196 5,/:64/ 4+94 ;2662L H 2:5 9--5291+ 0/ /08-6. 42 :/, 4+,
5,9/239>6, 9--52I 08 94023 4+94

L2
2 = Φo

F
M 03966.H ;528 4+, <,K304023

ζ̇int
2; 4+, 034,5396 4593/;,5 L,

+9J, 4+94 42 6,9<037 25<,5 03 −iω

−iωζint =
iωk2

V η

Z

∂Ω12

n · ∇p
(1)
f2

ABB^E

=
−iωk2

V η

Z

Ω2

∇2p
(1)
f2 = −iω

α2

Kd
2

v2p
(0)
c2

AB��E

=
v2k2

ηL2
2

(pf1 − pf2).
AB�BE

*+, 3258 96
n

03 ,?:94023 ABB^E 0/ 2:4L95< 42 -+9/, B L+01+
9112:34/ ;25 4+, /073 1+937, 03 ,?:94023 AB��E F � 24, 9/ L,66
4+94 ,?:94023 AB��E 0/ 9 J26:8 , 9J,597, 2; ,?:94023 AB��E
L+06, ,?:94023 AB�BE ;2662L / ;528 ,?:94023/ AB�}E 93< ABB�E F*+, <,/05,< 5,/:64 0/ 4+:/

limω→0 γ(ω) = γsq = v2k2/(ηL2
2)

F
4.2.2. High-frequency limit of γ(ω).G3 4+, ,I45,8 , +07+@;5,?:,31. 608 04 H 4+, i:0< +9/ 32 408 ,

42 ,/19- , 03 /0730K1934 982:34/ ;528 4+, -252:/ 75903/
A-+9/, �E 93< ,34,5 4+, 8 903 -25, /-91, A-+9/, BE F j / /:1+ H
4+, i:0< -5,//:5, <0/450>:4023 03 ,91+ -+9/, 0/ 5,9/239>6.
82<,6,< 9/

pf1(r) = B∞

1 ∆P,
AB��E

pf2(r) = B∞

2 ∆P + C2∆Pe−i3/2
√

ω/D2 x,
AB��E

L+,5,
x

0/ 97903 9 62196 1225<0394, 8 ,9/:5037 <0/4931,
3258 96 42 4+, 034,5;91,

∂Ω12
H 93< L+,5,

D2
0/ 4+, i:0<@

-5,//:5, <0R:/0J04. L 04+03 4+, -252:/ 75903/ 4+94 0/ 70J,3
>.

D2 = k2K
d
2B2/(ηα2)

F G3 5,9604.H 4+, 62196 123K3037 -5,/@
/:5,

pc2(r)
4+52:7+2:4 4+, 75903/ +9/ /-94096 i:14:94023/

9>2:4 4+, 9J,597, J96:, 93< L, +9J, 8 9<, 4+, 9--52I 08 9@
4023 4+94 4+, 9J,597, i:0< -5,//:5, 4+52:7+2:4 4+, 75903
/-91, 0/

B2pc2(r) ≈ B∞

2 ∆P
F G4 0/ ,9/. 42 <,823/4594, 4+94

:3<,5 :3<5903,< 93< :35,69I,< 123<04023/ H

B∞

1 =
a13a23 − a33a12

a22a33 − a2
23

,
AB��E

B∞

2 =
a12a23 − a22a13

a22a33 − a2
23

.
AB�~E

C2L,J,5 H /031, 4+,/,
B∞

i

<2 324 9--,95 03 4+, K396 5,/:64 H
4+,. L 066 324 > , 967,>5901966. <,J,62- ,< F

*+, 123403:04. 2; i:0< -5,//:5,
pf2 = pf1

96237
∂Ω12A

x = 0E 5,?:05,/ 4+94
C2 = B∞

1 −B∞

2

F *+, <,K304023 2;
ζ̇int89. 32L >, :/,< 42 L504,

−iωζint =
1

V

Z

∂Ω12

k2

η

∂p2

∂x

AB��E

=
k2

η
i3/2

r

ω

D2

S

V
(B∞

1 − B∞

2 )∆P
AB�}E

= i3/2√ω

s

k2α2

ηB2Kd
2

S

V
(pf1 − pf2),

AB�_E

L+,5, L, +9J, :/,< H 42 6,9<037 25<,5 03 4+, +07+@;5,?:,31.
608 04 H 4+94

pf1 − pf2 = (B∞

1 − B∞

2 )∆P
F *+, <,/05,< 5,/: 64

0/ 4+,3

γ(ω) ∼

S

V

s

−iωk2α2

ηB2Kd
s

AB�^E

9/
ω → ∞ F

4.2.3. Full model for γ(ω).*+, +07+@ 93< 62L @;5,?:,31. 608 04/ 95, 97903 19:/966. 123@
3,14,< J09 4+, /08-6, ;:314023

γ(ω) = γsq

s

1 − iω

ωsq
,

AB��E

>:4 32L 4+, -9598 ,4,5/ 95, <,K3,< 9/

γsq =
v2k2

ηL2
2

,
AB�BE

ωsq =
B2K

d
2

ηα2

k2

L2
2

„

v2V/S

L2

«2

.
AB��E

4.3. Squirt-Flow Modeling Choices
*2 89=, 3:8,50196 -5,<014023/ 2; 944,3:94023 93< <0/@

- ,5/023 H 8 2<,6/ 8:/4 > , -52-2/,< ;25 4+, -+9/, � A-252:/
75903 E -9598 ,4,5/ F

G; 4+, 75903/ 95, 82<,6,< 9/ /-+,5,/ 2; 59<0:/
R

H 4+,
i:0<@-5,//:5, 759<0,34 6,374+ L 04+03 4+, 75903/ 193 >, ,/40@
8 94,< 9/

L2 = R/
√

15
93< 4+, J26:8 , 42 /:5;91, 59402 9/

V/S = R/(3v2)
F *+, 75903 -252/04. 0/ 9//:8 ,< 42 >, 03 4+,

;258 2; 8 01521591=/ 93< /2 04 0/ 394:596 42 <,K3, 93 ,R,140J,
9-,54:5,

h
;25 4+,/, 1591=/ F G; 4+, 1591=/ +9J, 93 9J,597,

,R,140J, 59<0:/ 2;
R/NR

AL+,5,
NR

0/ 52:7+6. � 25 �E H 93<0; 4+,5, 95, 23 9J,597,
Nc

1591=/ - ,5 75903 AL+,5,
Nc

0/ 96/2
52:7+6. � 25 �E H 4+,3 4+, -,58 ,9>0604. 93< -252/04. 2; 4+,
75903/ 95, 5,9/239>6. 82<,6,< 9/

φ2 =
3Nc

4N2
R

h

R

93<
k2 = φ2h

2/12,
AB��E

L+,5,
φ2

0/ 4+, ;5914:5, -252/04. L 04+ 03 4+, -252:/ 75903/ F
*+, <08 ,3/0236,// -9598 ,4,5/

k2/L2
2

93<
(v2V/S)/L2

5,@
?:05,< 03 4+, ,I-5,//023/ ;25

γsq
93<

ωsq
95, 32L 70J,3 >.

k2

L2
2

=
15Nc

16N2
R

„

h

R

«3 93< „

v2V/S

L2

«2

=
5

3
.

AB��E

*+, 3258 960D,< ;5914:5, 9-,54:5,
h/R

0/ 4+, =,. -9598 ,4,5
03 4+, /?:054 8 2<,6 F

*+, <5903,< 75903 82<:6:/
Kd

2

0/ 3,1,//9506. 9 ;:314023
2; 4+, 1591= -252/04.

φ2
A93< 4+,5,;25,

h/RE F � ,96 1591=
/:5;91,/ +9J, 8 01523 A93< /8 966,5E /196, 9/- ,5040,/ -5,/,34
:-23 4+,8 F G; ,R,140J, /45,// 0/ 9--60,< 03 25<,5 42 8 9=, 4+,
3258 960D,< 9-,54:5,

h/R
/8 966,5 A/2 4+94 H ;25 ,I98-6, H 4+,

- ,9= 03 /?:054 944,3:94023 60,/ 03 4+, /,0/8 01 >93<E H 3,L 123@
4914/ 95, 15,94,< 4+94 8 9=, 4+, 1591= /45237,5 F G3 4+, 608 04
9/

h/R → 0
A6957, ,R,140J, /45,//E H 4+, 1591=/ 95, 32 6237,5

-5,/,34 93<
Kd

2 → Ks
L+,5,

Ks
0/ 4+, 8 03,596 8 2<:6:/ 2;

4+, 75903 F
Q93. 82<,6/ ;25 /:1+ /40R,3 037 12:6< >, -52-2/,< F �,

034,34023966. 8 9=, 9 123/,5J940J, ,/408 94, +,5, 03 -52-2/037
9 /08-6, 603,95 -252/04. <,-,3<,31,

Kd
2 = Ks(1−σφ2)

L+,5,
σ

0/ 9 KI,< 123/4934 <,4,58 03,< ;528 K44037 :6459/2301 94@
4,3:94023 <949 F 
R,140J, 8 ,<0:8 4+,250,/ A/,, H ;25 ,I98-6, H
� dgg�� XY da Xf� U����hE -5,<014 4+94

σ
/+2:6< >, 03J,5/,6.

-52-25402396 42 4+, 9/- ,14 59402/ 2; 4+, 1591=/ -5,/,34 F j/
9 1591= 162/,/ 93< 9/- ,5040,/ 95, >52:7+4 0342 1234914 H 4+,5,
0/ 394:5966. 9 <,15,9/, 03

φ2
>:4 4+,5, /+2:6< 96/2 > , 9 <,@

15,9/, 03
σ

<:, 42 4+, ;914 4+94 4+, 5,8 903037 1591= -252/04.
> ,128 ,/ 825, ,?:934 9/ 3,L 9/-,5040,/ 128 , 0342 1234914 F
*9=037

σ
42 > , 123/4934 9/ 1591= -252/04. <,15,9/,/ 0/ 4+:/ 9

8 0308 960/4 ,/408 94, ;25 +2L 4+, <5903,< 82<:6:/ 0315,9/,/ F
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2
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3

10
4

10
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10
6
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7

10
8

frequency (Hz)

10
-4

10
-3

10
-2

10
-1

1/
Q

h/R = 5 e-3
h/R = 1 e-3
h/R = 2 e-4
h/R = 4 e-5

������ � � *+, /?:054@i2L 82<,6 2; P@L9J, 944,3:94023
L+,3 4+, 75903/ 95, 82<,6,< 9/ > ,037 /-+,50196 L 04+ 59@
<0:/

R
93< 1234903037 8 01521591=/ +9J037 ,R,140J, 9-,5@

4:5,/
h
F *+, 2J,5966 <5903,< 82<:6:/ 2; 4+, 521= 1255,@

/-23</ 42 9 123/260<94,< /93</423, F

*+:/ H 4+, -252:/@75903 ,69/401 -52- ,540,/ 95, 49=,3 42 >,

Kd
2 = Ks(1 − σφ2)

AB�~E
α2 = 1 − Kd

2 /Ks
AB��E

1

B2
= 1 + φ2

Kd
2

Kf

„

1 − Kf/Ks

1 − Kd
2/Ks

«

,
AB�}E

L+,5, L, +9J, :/,< 4+, �9//8 933 i:0<@/:>/404:4023 5,69@
4023/ ;25

α2
93<

B2
F *+, 2J,5966 <5903,< 82<:6:/

K
2;

4+, 1266,14023 2; -252:/ A1591=,<E 75903/ 193 >, 82<,6,< ;25
,I98-6, 9/

K =
Kd

2 (1 − v1)

1 + cv1
,

AB�_E
L+01+ 0/ 4+, /98 , <5903,<@82<:6:/ 82<,6 9/ 70J,3 03 4+,
9--,3<0I >:4 L 04+ 4+, /260< 75903 82<:6:/

Ks
5,-691,< >.

4+, 1591=,< 75903 82<:6:/
Kd

2

F

4.4. Numerical Examples
G3 K7:5, � H L, -624 4+, P@L9J, 944,3:94023 -5,<014,< :/@

037 4+, 9>2J, 82<,6 L+,3 4+, 2J,5966 75903 -91=037 1255,@
/-23</ 42 9 123/260<94,< /93</423, A

v1 = 0.2
93<

c = 5E+9J037 9 -,58 ,9>0604. 2; B� 8� F M25 4+, 75903 -52-,540,/ H
L, 49=,

σ = 0.8/(5 × 10−3)
H
3Nc/(4N2

R) = 1
H 93<

Ks = 38
�P9 A?:954DE 9/ KI,< 123/4934/ F *+0/

σ
J96:, L9/ 1+2/,3

/2 4+94 4+,5, L2:6< >, 9 /073 0K1934 - ,9= 03 944,3:94023 94
: 6459/23 01 ;5,?:,310,/ 93< 0/ 49=,3 42 >, 4+, /98 , ;25 966
J96:,/ 2;

h/R
F *+, J9502:/ 1:5J,/ 193 >, 4+2:7+4 2; 9/ > ,@

037 <:, 42 4+, 9--60194023 2; ,R,140J, /45,// F *+, -,9= 03
Q−1 3,95 B QCD 4+94 0/ 03J950934 42

h/R
0/ 4+, 23, <:, 42

4+, 8 9152/12-01 � 024 62// Ai:0< -5,//:5, ,?:060>594023 94 4+,
/196, 2; 4+, L9J,6,374+ E F *+, -,9= 4+94 /+ 0;4/ L 04+

h/R
0/

4+, 23, <:, 42 4+, /?:054 i2L F
*+0/ K7:5, 03<0194,/ 4+94 H 964+2:7+ 4+, /?:054 8 ,1+930/8

0/ -52>9>6. 2-,5940J, 93< -,5+9-/ ,J,3 <28 03934 94 : 6459@
/23 01 ;5,?:,310,/ H 04 <2,/ 324 /,,8 42 >, 03J26J,< 03 ,I-6903@
037 4+, 2>/,5J,< 6,J,6/ 2; 034503/01 944,3:94023 03 ,I-62594023
L25= F M25 5,96 1591=/ 03/0<, 2; 5,96 75903/ H 4+,

σ
J96:, L 066

<08 03 0/+ L 04+ ,R,140J, /45,// A0 F, FH L 04+
h/RE H /2 4+94 4+,

,R,14/ 2; /?:054 03 4+, /,0/8 01 >93< 95, 60=,6. 42 > , ,J,3 6,//
4+93 /+2L3 03 K7:5, � F

3

4

5

6

7

R
e 

{ 
K

_D
} 

  (
G

Pa
)

11

12

13

14

15

R
e 

{K
_U

} 
 (

G
Pa

)
10

2
10

3
10

4
10

5
10

6
10

7
10

8

frequency (Hz)

0.60

0.70

0.80

R
e 

{B
}

this study
Dvorkin et al. [1995]

������ � � *+, <0/- ,5/023 03 4+, 5,96 -954/ 2; 4+, <5903,<
>:6= 82<:6:/

KD(ω)
U42- 759-+h H 4+, :3<5903,< >:6=

82<:6:/
KU (ω)

U8 0<<6, 759-+h H 93< O=,8-423 �/ 12,� @
10,34

B(ω)
U> 24428 759-+h H 9/ <,4,58 03,< >24+ 03 4+,

-5,/,34 /4:<. 93< >. � �bg\ ]Y da Xf� UB^^~h F *+, -624/
L,5, 966 7,3,594,< L 04+

h/R = 5 × 10−3 F �24+ 4+,250,/
:/, 0<,3401966. 4+, /98 , 03-:4 -9598 ,4,5/ 93< 95, 45,94@
037 0<,3401966. 4+, /98 , 82<,6 F *+, -5,/,34 /4:<. 8 9.
>, 123/0<,5,< ,I914 03 >24+ 4+, 62L 93< +07+ ;5,?:,31.
608 04/ 2; 4+, 82<,6 F

�, 3,I4 03452<:1, 4+, 75903 -9598 ,4,5/
k2

H
φ2

H 93<
Kd

2

9/
82<,6,< +,5, 96237 L 04+ 4+, /98 , 2J,5966 <5903,< 82<:6:/
K

0342 4+, ,?:94023/ 2; � �bg\ ]Y da Xf� UB^^~h 93< 128-95,
4+,05 5,/:64/ 42 2:5 2L3 L+,3

h/R = 5 × 10−3 AK7:5, }E F� �bg\ ]Y da Xf� UB^^~h +9J, 8 9<, 9 /,50,/ 2; 9--52I 08 94023/
03 4+,05 9396./0/ U/4954037 L 04+ ,?:94023 A�E 03 4+,05 -9-,5h
03 L+01+ 4+, ,5525 03452<:1,< 0/ 2;4,3 9/ 6957, 9/ 4+, <0/- ,5@
/023 >,037 82<,6,< F M07:5, } ?:9340K,/ 4+0/ ,5525 /031, 2:5
9396./0/ 2; 4+,05 8 2<,6 H 94 6,9/4 03 4+, 608 04/ 2; >24+ 62L 93<
+07+ ;5,?:,310,/ H 0/ ,I914 F

5. Conclusions
Q2<,6/ ;25 4+5,, <0R,5,34 P@L9J, 944,3:94023 8 ,1+9@

30/8 / L,5, <,50J,< :/037 9 /0376, 4+,25,40196 ;598 ,L25= F
*+, 5,/:64037 82<,6/ <0R,5 236. 03 4+, J96:,/ 2; 4+,

aij
123@

/4934/ 93< 03 4+, J96:,/ 2; 4+, -9598 ,4,5/ 123450>:4037 42
4+, 8 ,/2/12-01@4593/-254 12,� 10,34

γ(ω)
F *+,/, 4+5,, 82<@

,6/ 1255,/-23< 42 ABE 8 ,/2/12-01@/196, +,4,527,3,04. 03 4+,
;598 , 82<:60 25 S<2:>6, -252/04.T H A�E 8 ,/2/12-01@/196, +,4@
,527,3,04. 03 4+, i:0< 4.-, 25 S-941+.@/94:594023T H 93< A�E75903@/196, +,4,527,3,04. <:, 42 8 01521591=/ 03 4+, 75903/
25 S/?:054T F G3 966 4+5,, 82<,6/ H 4+, 982:34 2; 944,3:94023
0/ 12345266,< -50310-966. >. 4+, 123459/4 2; ,69/401 128-5,//@
0> 0604. 98237 4+, 123/404:,34/ 96237 L 04+ 4+, 9//:8 ,< 8,/2@
/12-01 7,28 ,45.F G3 4+, <2:>6,@-252/04. 82<,6 H 04 0/ 3,1,/@
/95. 4+94 4+, ,8>,<<,< -+9/, +9J, 93 ,623794,< 25 /?:9/+,<
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;258 93< 4+94 4+, 123459/4 > ,4L,,3 4+, ;598 , >:6=@8 2<:6:/
2; 4+, 4L2 -252:/ -+9/,/ 0/ /45237 03 25<,5 ;25 4+, 8 ,/2/12-01
62// 42 > , /073 0K1934 F G3 4+, -941+.@/94:594023 82<,6 H 4+,
123459/4 03 4+, i:0< >:6= 82<:6:/ 8:/4 > , /45237 A088 0/10@
> 6, -941+,/ 2; <0R,5,34 i:0</ 4+94 +9J, 3,956. 0<,340196 >:6=
82<:60 L2:6< 324 -52<:1, 8:1+ 944,3:94023 E H L+06, 03 4+,
/?:054 8 2<,6 H 04 0/ 4+, 123459/4 > ,4L,,3 4+, <5903,< 82<:6:/
2; 93 0/2694,< 1591=,< 75903 93< 4+94 2; 4+, ,3405, -91=037
2; 75903/ 4+94 1234526/ 4+, 982:34 2; 944,3:94023 F

P:44037 03 4+03 6,3/,/ 2; :3123/260<94,< /93< 75903/ 0342
93 24+,5L 0/, 123/260<94,< /93</423, 193 -52<:1, 944,3:9@
4023 03 4+, /,0/8 01 >93< 4+94 0/ 128-959>6, 42 L+94 0/ 8 ,9@
/:5,< 03 4+, K,6< ,J,3 L+,3 4+, ,8>,<<,< -+9/, 5,-5,/,34/
236. 9 /8 966 98 2:34 2; 4+, 42496 J26:8 , A

< 1
� J26:8 , ;591@

4023/E F O:1+ 9 82<,6 8 07+4 1255,/-23< 42 9 �2034,< /93<@
/423, F O031, 8 ,/2/12-01@/196, +,4,527,3,04. 0/ 594+,5 :>0?@
: 042:/ 4+52:7+2:4 4+, ,954+ �/ 15:/4 H 04 /,,8 / 5,9/239>6, 42
/:--2/, 4+94 4+0/ 8 ,1+930/8 89. >, 5,/-23/0> 6, ;25 8 2/4 2;
4+, 944,3:94023 2>/,5J,< 03 /,0/8 27598 / F *+, /?:054 8 ,1+@
930/8 -52<:1,/ 9 75,94 <,96 2; 944,3:94023 94 4+, :6459/2301
;5,?:,310,/ :/,< 03 69>259425. 8 ,9/:5,8 ,34/ H >:4 +9/ 452:@
> 6, ,I-6903 037 944,3:94023 03 4+, /,0/8 01 >93< F *+0/ 5,/: 64
0/ 08-254934 ;25 /28 , 9--60194023/ 2; 4+, 4+,25. >,19:/,
4+, 594, 94 L+01+ 4+, 8 ,/2/12-01@/196, i:0<@-5,//:5, ,?:060@
>594,/ 0/ 9 /45237 ;:314023 2; 4+, - ,58 ,9>0604. 2; 4+, -252:/
8 94,5096 F *+, 594, 94 L+01+ 8 01521591=/ ,?:060>594, L 04+
4+, 8 903 -25,/ 03 /?:054 i2L 0/ 324 - ,58 ,9>0604. <,-,3<,34 F
*+0/ 6,9J,/ 2- ,3 4+, -2//0>0604. 2; ,I45914037 -,58 ,9>0604.
03;258 94023 ;528 4+, ;5,?:,31. <,-,3<,31, 2; /,0/8 01966.
8 ,9/:5,<

Q
F

Appendix A: Constituent Properties
G3 25<,5 42 :/, 4+, :30K,< <2:>6,@-252/04. ;598 ,L25= 2;

4+, -5,/,34 -9-,5 H 04 0/ 123J,303,4 42 +9J, 82<,6/ ;25 4+,
J9502:/ -252:/@123403::8 123/404:,34 -52-,540,/ F

M25 :3123/260<94,< /93</ 93< /206/ H 4+, ;598 , 82<:60
A<5903,< >:6= 82<:6:/

Kd 93< /+,95 82<:6:/
GE 95, L,66

8 2<,6,< :/037 4+, ;2662L 037 J950934 2; 4+, VXfabY UB^_}h
4+,25. U1 F; FH 	 g]ZdH ���� ;25 <,4906/h

Kd =
1

6

»

4(1 − φo)
2n2

oPo

π4C2
s

–1/3
(Pe/Po)

1/2

{1 + [16Pe/(9Po)]4}1/24
,
Aj BE

G = 3Kd/5,
Aj�E

L+,5,
Pe

0/ 4+, ,R,140J, 2J,5>:5<,3 -5,//:5, U, F7 FH
Pe =

(1 − φ)(ρs − ρf )gh
H L+,5,

g
0/ 759J04. 93<

h
0/ 2J,5>:5<,3

4+ 01=3,//h 93< L+,5,
Po

0/ 4+, ,R,140J, -5,//:5, 94 L+01+
966 75903@42@75903 1234914/ 95, ,/49>60/+,< F M25

Pe < Po
H 4+,

1225<0394023 3:8>,5
n

A9J,597, 3:8>,5 2; 75903 1234914/
- ,5 75903 E 0/ 0315,9/037 9/

(Pe/Po)
1/2 F M25

Pe > Po
H 4+,

1225<0394023 3:8>,5 5,8 903/ 123/4934
n = no

F *+, -9598 @
,4,5

Po
0/ 1288236. 23 4+, 25<,5 2; B� QP9 F j/

Po → 0
H

4+, VXfabY UB^_}h 5,/: 64 0/ 2>4903,< A966 1234914/ 03 -691,
/4954037 ;528

Pe = 0E F *+, -252/04. 2; 4+, 75903 -91= 0/
φo93< 4+, 128-60931, -9598 ,4,5

Cs
0/ <,K3,<

Cs =
1

4π

„

1

Gs
+

1

Ks + Gs/3

«

,
Aj�E

L+,5,
Ks

93<
Gs

95, 4+, 8 03,596 8 2<:60 2; 4+, 75903/ F M25
:308 2<96 75903@/0D, <0/450>:4023/ 93< 593<28 75903 -91=/ H
23, 4.-01966. +9/

0.32 < φo < 0.36
93<

8 < no < 11
F

M25 123/260<94,< /93</423,/ H 4+, ;598 , 82<:60 95, 82<@
,66,< 03 4+, -5,/,34 -9-,5 9/ A1 F; FH 	 g]Zd U����h ;25 <,4906/E

Kd = Ks
1 − φ

1 + cφ
,

Aj�E

G = Gs
1 − φ

1 + 3cφ/2
.

Aj~E

*+, 123/260<94023 -9598 ,4,5
c
5,-5,/,34/ 4+, <,75,, 2; 123@

/260<94023 >,4L,,3 4+, 75903/ 93< 60,/ 03 4+, 9--52I 08 94,
5937,

2 < c < 20
;25 /93</423,/ F G; 04 0/ 3,1,//95. 42 :/, 9

c75,94,5 4+93 /9. �� 25 �� H 4+,3 04 0/ -52>9>6. >,44,5 42 :/,
4+, 82<0K,<@�96423 4+,25.F
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