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On the emergence of the Green’s function in the correlations
of a diﬀuse ﬁeld: pulse-echo using thermal phonons
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Abstract
It is shown that a diﬀuse ﬁeld is not devoid of phase information, but has a correlation function equal to the Green’s function.
More speciﬁcally, the cross-correlation between diﬀuse signals in two transducers is very nearly equal to the direct response of one
transducer to an impulse applied to the other. This is true whether the diﬀuse ﬁeld is one that was created by a distant source, or (if
the detectors are suﬃciently sensitive) created by thermal ﬂuctuations in the specimen. Here we outline and review proofs, and
laboratory demonstrations, from three recent archival publications. Ó 2002 Elsevier Science B.V. All rights reserved.
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Recent years have seen a substantial and growing
literature on diﬀuse ultrasonic elastic waves. These are
waves which have multiply scattered, or multiply reﬂected, suﬃciently often and suﬃciently irregularly
that detailed modeling of their propagation becomes
impossible. Long-lived waveforms that can ensue from
transient loads in such bodies have the appearance of
non-stationary random noise, and signal processing
methods developed for treating such noise are often
employed [1]. The concepts were ﬁrst developed for
room acoustics [2]. But applications have arisen in nondestructive testing, where internal friction [3], single
back-scattering from microstructure [4], and multiply
scattered grain noise [5], are evaluated. The concepts appear to be relevant for seismic waves [6] also.
Diﬀuse elastic waves that arise in simple reverberant
bodies are providing a laboratory analog for quantum chaos and mesoscopic electronics [7]. Throughout
this work it has been routinely presumed that a diﬀuse
ﬁeld, though it may have explored a large volume,
contains little detailed information. Work has mostly
been conﬁned to extracting specimen properties by
analysis of gross features in the evolution of energy
density.
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Here we report that a diﬀuse ﬁeld in fact contains, in
its ﬁne-structure correlations, all the information also
contained in conventional ultrasonics. A ‘‘diﬀuse’’ ﬁeld
is not ‘‘incoherent.’’ We also report that the perfectly
diﬀuse ﬁelds formed by thermal ﬂuctuations in the
elastic wave ﬁeld (thermal phonons as it were) are ideal
for extracting that information. This remarkable result
has been reported in three recent publications [8–10],
which are reviewed here.
A proof of this correlation is not diﬃcult to sketch.
An elastic wave ﬁeld in a ﬁnite body may be expressed as
a normal mode expansion
uðx; tÞ ¼ Re

nX
¼1

an uðnÞ ðxÞ expfixn tg

ð1Þ

n¼1

in terms of the real orthogonal modes uðnÞ of the body.
The an are random coeﬃcients determined by the ﬁeld’s
source(s). In the presence of continuing sources, or
dissipation, the an are slowly varying functions of time.
A statement that the ﬁeld is diﬀuse is equivalent to
stating that the a’s are uncorrelated random numbers
han i ¼ 0;

han am i ¼ 0;

han am i ¼ dnm F ðxn Þ

ð2Þ

where the brackets hi represent an (unspeciﬁed) average, and F represents the ﬁeld’s power density at frequency x.
The auto-correlation of the ﬁeld (1) is then simple
to construct:
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nX
¼1
1
huðX; tÞuðy; t þ sÞi ¼ Re
F ðxn ÞuðnÞ ðxÞuðnÞ ðyÞ
2
n¼1

expf ixn sg

ð3Þ

Except for the factor F (which ﬁlters and distorts the
result) and the support that (3) has for negative s, this is
identical to the modal expansion for the Green’s dyadic:
nX
¼1
Gðx; y; tÞ ¼ Im
uðnÞ ðxÞuðnÞ ðyÞ expf ixn sg=xn
ð4Þ
n¼1

A similar argument shows that diﬀuse waveforms
(being temporal and spatial convolutions of the diﬀuse
ﬁelds uðx; tÞ over detector area and time function) have
correlations virtually identical to the impulse response
function representing the signal that could travel between the detectors if one were used actively. It was
concluded in [8] that the s derivative of the cross-correlation of the diﬀuse signals in a pair of ultrasonic
transducers should be identical to the pitch-catch
waveform that is generated by pulsing one transducer
and detecting with the other. A major caveat, it was
noted, would be the eﬀect of the diﬀuse ﬁeld spectrum F.
If F were proportional to 1=x2 , the result is immediate;
if F were some other smooth function of x, the correlation function would be very similar to the pitch-catch
signal. If F had complex structure, the correlation would
be a highly distorted version of the pitch-catch waveform.
In order to conﬁrm and illustrate these ideas, three
ultrasonic pin-transducers ( frequency range 0.1–0.9
MHz) were attached [8] with oil couplant to an irregular
aluminum block ( 2000 cm3 volume) as sketched in Fig.
1. The direct pitch-catch waveform between two of the
transducers was obtained using a conventional ultra-

sonic pulser and ampliﬁer and digital data acquisition.
This waveform was compared with another waveform
obtained by cross-correlating the long-lived ( 100 ms)
noise-like diﬀuse signal that each of these transducers
reported when the specimen was excited by the distant
third transducer.
F (the spectrum of the diﬀuse ﬁeld) was evaluated by
measurements at the source of the diﬀuse ﬁeld––the
third transducer. Its eﬀect on the correlation was removed by doing a kind of deconvolution. The long slow
ring-down of the diﬀuse ﬁeld, due to dissipation, was
removed by certain compensating techniques that allowed us to make optimal use of the available information.
The two waveforms so obtained were similar, but not
identical. The discrepancy was ascribed to the small
amount of data available with which to construct the
cross-correlation, being only 100 ms of diﬀuse ﬁeld signal. Additional averaging over several distinct source
positions improved the correspondence. Remaining
discrepancies were ascribed to imperfect evaluation of F.
In a separate pair of publications [9,10], diﬀuse ﬁeld
correlations were re-visited, but using the diﬀuse ﬁeld
oﬀered by thermal ﬂuctuations. This has the advantage
of eliminating uncertainties in F (classical thermal
spectra are well known), and eliminating the need to
compensate for dissipation (thermal ﬁelds have constant
amplitude). The use of thermal ﬂuctuations in the MHz
range has one obvious disadvantage though––they are
quite weak. This is readily established by considering
that each mode of the structure has, in thermal equilibrium at room temperature, an expected energy of
kT  4:2 10 21 J. For typical solids, with mode counts
below 1 MHz of about 300 modes/cm3 , this corresponds
to energy densities of 10 12 J/m3 , rms strain ampli-

Fig. 1. A sketch of the three-transducer conﬁguration. An impulsive source creates a long-lived diﬀuse ﬁeld which is detected at receivers at x and y.
After compensation for absorption, the cross-correlation between the detected signals is compared with another waveform, that which is detected at y
after an impulsive excitation at x. Imperfect compensation for the non-ﬂat spectrum produced by the source at s leads to an imperfect correspondence
between these two waveforms.
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tudes of 3 10 12 , and rms displacement amplitudes
of 10 15 m. Nevertheless, as Fortunko established [11],
modern piezoelectrics can be very sensitive and the best
devices have noise ﬂoors close to the thermal limit.
Acoustic emission transducers are amongst the most
sensitive, and two were chosen to illustrate these ideas.
The Physical Acoustics ‘‘WD’’ transducer was found to
have a noise level (after the noise is passed through a
low-noise Panametrics battery-powered preampliﬁer)
about 40% of which could be ascribed to thermal phonons in the sample. This ﬁgure was very diﬀerent with
other transducers, being only a few % in the case of a
Valpey-Fisher pin-transducer and a Digital Wave B1025
transducer. For these tests (see Fig. 2) the auto-correlation of the thermal noise was compared with the
waveform obtained in a pulse/echo conﬁguration. In all
cases the noise is dominated by the non-phononic
component, presumably composed in part by electronic
noise in the ampliﬁer.
The electronic noise has, however, little correlation
beyond a few microseconds (a ﬁgure which is probably
related to the bandwidth of the ampliﬁer.) The phononic noise has correlations out to time scales comparable to the absorption time in the specimen, being 100’s
of ms. Thus the auto-correlation is, at times s > microseconds, entirely phononic. Correlations were constructed by capturing windows (typically a few ms in length)
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Fig. 2. The conﬁguration employed for auto-correlation of thermal
noise.

of noise, FFT’ing, squaring, and repeating, thus accumulating an estimate for the power spectral density
of the noise jFFTj2 . In the case of the sensitive WD
transducer, auto-correlations were found to converge
reasonably well after only a few 10’s of ms of actual
noise data (requiring a few seconds of real time). The
other transducers required substantially more data
before convergence could be observed. Comparisons
between the auto-correlation function so constructed
and conventionally obtained pulse/echo signals showed

Fig. 3. The signal obtained by conventional pulse/echo with the Digital Wave B1025 transducer is compared with the time-derivative of the autocorrelation of its noise. Except for the greater noise level (due to ﬁnite averaging time when the auto-correlation is constructed) they are identical.
They diﬀer more at early times (not shown) where electronic noise has non-negligible correlations.
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excellent agreement. One example is shown in Fig. 3.
Except for residual noise due to ﬁnite averaging, and
except for the expected diﬀerences at very short times
(< microsecond) the waveforms were identical. Identity
was preserved even at late times, greater than ms, for
which ray paths are many meters.
The strength of the thermal correlations is, theoretically, proportional to temperature. By calibrating the
transducer (using a broken capillary signal of known
strength) and comparing with the amplitude of the noise
correlations, it proved possible to conﬁrm the thermal
phonon origin of the noise. This allowed the set-up to be
used as an ultrasonic bolometer in which the strength of
the thermally excited ultrasonic waves is used to measure temperature. Temperatures were correctly inferred
to be 293  20 K.
That there is so much information in a diﬀuse ﬁeld,
and that the information is embodied in a simple identity between direct ultrasonic waveforms and correlations of diﬀuse ﬁelds, is remarkable. In spite of the
simplicity of the mathematical proof and its basis in
19th century physics, this seems to have been overlooked to date. That thermally ﬂuctuating elastic wave
ﬁelds can do the job is also striking. Except for their
weakness, they are in fact ideal because their spectra
are so well known. That thermal ﬂuctuations with displacement amplitudes of the order of femtometers can
be detected is a testimony to the great sensitivity of
modern piezoelectric devices.
There may be applications for these ideas. The chief
virtue of the identity may be that it allows one to create
waveforms without having a source. In the conventional
ultrasonic regime, this may be of little utility; sources are
not expensive. The economics may be diﬀerent in other
ﬁelds. Diﬀuse ﬁelds present in seismology (in the coda
for example [6]) may allow construction of waveforms
without the use of thumper trucks or explosives, and
without depending on local seismic sources. Thermal
ﬁelds at frequencies above a GHz may allow ultrasonic
investigations of modern materials and microdevices for
which conventional ultrasonics is not possible.
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